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Abstrat
In [15, p. 255℄, Connes shows that the lass of unit in the rossed produt of a disrete
oompat torsion-free subgroup of SL(2,R) with the algebra of ontinuous funtions on
RP1 has torsion. However, he shows that this fails when R is replaed by C.
In order to have a loser look at this phenomenon, we set out to generalize to the following
ase. We onsider the C∗-algebra rossed produt C(∂(G/K))⋊
r
Γ of a disrete torsion-free
subroup Γ of a onneted semisimple Lie group G with the algebra of ontinuous funtions
on the boundary of the symmetri spae G/K of the Lie group, where K is a maximal
ompat subroup. We identify the map on the geometrial side of the Baum-Connes on-
jeture assoiated to the map on the rossed produt indued by ∂(G/K)→ pt with a part
of the topologial Gysin sequene assoiated to the osphere bundle of the tangent bundle
of Γ\G/K. It follows that the lass of unit in the K-theory of the rossed produt is of
nite order if and only if the rank of G is equal to that of K, thus Connes's result. In
ase it is torsion we show that its order is the absolute value of the Euler harateristi of
the disrete group if there is a Γ -equivariant Spinc-struture on G/K. We make use of the
injetivity of the assembly map.
In the seond part, we arry out a new proof of the Kaplansky onjeture on the absene of
nontrivial idempotents in the group rings CΓ , based on the dual question to the one posed
above: Does the lass of the trae in yli ohomology lift to the rossed produt CΓ with
an algebra of funtions on a boundary of the symmetri spae? In fat, the idea is that this
would allow to alulate the value of the pairing of the trae with the idempotents of CΓ
on the rossed produt rather than on CΓ . This would be useful sine the K-theory of the
rossed produt with the Furstenberg boundary is known thanks to the positive answer to
the Baum-Connes onjeture for solvable groups, due to Kasparov ([35℄).
We therefore review topologially Nistor's omputation of the homogeneous part of the
periodi yli ohomology of rossed produts Γ⋉A of torsion-free disrete groups Γ with
a omplex Γ -algebra A. We use periodi yli ohomology assoiated to bornologial al-
gebras. Let G be a omplex semisimple Lie group and B be a minimal paraboli subgroup
of G. Applied to torsion-free disrete subgroups Γ of G and the algebra A of smooth
funtions on the Furstenberg boundary G/B, the onstrution yields under a weak topo-
logial ondition, together with the lassial splitting priniple, the surjetivity of the map
HP
∗(Γ⋉C∞(G/B))
<1>
−→ HP∗(CΓ)<1> on the homogeneous parts of periodi yli o-
homology of the map of smooth onvolution groupoids assoiated to G/B→ pt.
Let now G be SL(n,C) for arbitrary n > 2. Then there is, in analogy to the C∗-algebrai
ase, a dual Dira morphism from the algebrai K-theory group K
0
(R ⊗ (Γ⋉C∞(G/B)))
to the topologial K-theory group with ompat supports K
dimB/T
c (Γ\G/T), R being the
ring of smooth ompat operators, and T being a maximal torus of B. More important, an
analogous statement holds for analyti yli homology. One sees that this K-theory map
has a dual map with respet to the index pairing whih is an isomorphism.
In the proof, we show a strong version of equivariant Bott periodiity. In fat, we onstrut
for any nite real representation spae V of T and any algebra A endowed with an ation
of T an invertible element in HA(A⋊T , (A ⊗̂ C∞

(V))⋊T), where HA denotes bivariant an-
alyti yli homology ([38℄). By a deformation method, we dedue the existene of an
isomorphism
HA∗(Γ⋉C∞(G/B)) ∼= HA∗+dimB/T mod2(Γ⋉C∞

(G/T)).
As a onsequene, the trae funtional an be evaluated on the whole of K
0
(CΓ) by passing
to the rossed produts and an, with the help of standard index theorems, be seen to be
integer if Γ is oompat. We thus obtain another proof of the Kaplansky onjeture for
the onsidered groups than those of Laorgue ([36℄) and Pushnigg ([42℄).
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Synopsis
The goal of this synopsis is to provide a guide to the text in the sense that it wants to
make lear its logial struture on the large sale. For instane, we reommend to onsult
this synopsis during the leture of the tehnial theorems ontained in the fourth hapter,
in order to get information on what they will be needed for.
The dierene to the abstrat is that this synopsis is quite more detailed, and that it does
not only want to give informations on the ontent but that it rather wants to make it easier
to understand. The dierene to the introdution is that the synopsis does not ontain any
motivation or aside remarks, and only very few realls of well-known notions and fats.
K-theory
Let Γ be a uniform lattie in a semisimple Lie group G, let EΓ = G/K,BΓ = Γ\G/K,
where K is a maximal ompat subgroup of G. All these spaes being endowed with their
anonial Riemannian strutures, we denote by SBΓ the osphere bundle assoiated to to
the tangent bundle of BΓ , and ∂EΓ the visibility boundary of EΓ . The homotopy quotient
EΓ ×Γ ∂EΓ identies with SBΓ . Suppose that BΓ is Spinc. Let q = dimBΓ . Then the
Baum-Connes assembly map for the rossed produt Γ ⋉
r
C(∂EΓ) an be written under the
form µ : K∗+q(EΓ ×Γ ∂EΓ)→ K∗(Γ ⋉r C(∂EΓ)). There is a diagram
K
q(BΓ)
µ //
π∗

K
0
(C∗
r
Γ)

K
q(SBΓ)
µG/B //
K
0
(Γ ⋉
r
C(∂EΓ))
whih by some general properties of the outer Kasparov produt ommutes.
The map π∗ that appears at the left hand side is rationally injetive i the Euler lass
e(BΓ) vanishes.
Motivated by the literature, one sets out to study the question if the lass of unit in
K
0
(C∗
r
Γ) is torsion, in dependene on Γ or, better yet, only on G. [1] ∈ K
0
(C∗
r
Γ) resp.
in K
0
(Γ ⋉
r
C(∂EΓ)) is the image of the fundamental lass [BΓ ] assoiated to the Spinc
v
vi
struture in K
q(BΓ) under the assembly map. So [1] is torsion i e 6= 0.
This latter statement holds i the Euler-Poinaré form ξ on G/K does not vanish, whih
is a onsequene of the Chern-Weil theory of harateristi lasses. The urvature tensor
on G/K whih determines ξ is, up to sign, equal to that of the ompat dual G ′/K ′ of
the symmetri spae G/K, so ξ 6= 0 i the Euler harateristi χ(G ′/K ′) 6= 0. A lassial
theorem of Hopf and Samelson of ompat homogeneous spaes states that χ(G ′/K ′) 6= 0
i those ranks of G ′ and K ′ dier. Furthermore, one has rank G ′=rank G and rank K ′=
rank K, so [1] is torsion if rank G= rank K.
Cyli Cohomology
In the same situation as above, one restrits to omplex semisimple Lie groups G (whih
implies that G=2 rank K), and one replaes the visibility boundary ∂EΓ by the Furstenberg
boundary G/B of G/K, and one asks the dual question to the one disussed above: Does
the lass of the trae [τ] ∈ HP0(CΓ) lift to HP0(Γ⋉C∞(G/B)), using the algebrai rossed
produt? The goal in what follows is to develop, starting from a positive answer, a proof
of the Kaplansky onjeture for CΓ . One shows the existene of a ommutative diagram
analogous to the one for K-theory
H
ev(BΓ) //
HP
0(CΓ)
H
ev+dimG/B(EΓ ×Γ G/B)
π
!
OO
//
HP
0(Γ⋉C∞(G/B))
OO
but making use of quite dierent tehniques, i. e. here one inspets the yli biomplex.
π
!
denotes integration over the bre. Having put in elementary algebrai topology, one
sees that π
!
is surjetive i π∗ : H∗(BΓ) → H∗(EΓ ×Γ G/B) is. By a reformulation of the
lassial splitting priniple, applied to the vetor bundle EΓ ×Γ Cn → BΓ if G = SL(n,C),
one sees that this latter statement always holds. As a onsequene, the trae lass always
lifts. In the more general ase where G 6= SL(n,C), the splitting priniple applies whenever
a ruial property on the topology of G an be veried.
We want to alulate not only the homogeneous part of HP
∗(Γ⋉C∞(G/B)) but also analyti
yli homology of this algebra beause only the latter one behaves well under passage to
C∗-algebrai ompletions. This is neessary beause only the ompletion of the rossed
produt has an aessible K-theory, allowing to approah the Kaplansky onjeture. In fat,
Γ ⋉
r
C(G/B) is KK−-equivalent to C(Γ\G/T), T being a maximal torus of B, beause B is
solvable, so its Kasparov γ-element equals 1. More preisely, we reall that K∗(Γ⋉rC(G/B))
is alulated as follows by the Dira-dual Dira method of Kasparov.
Synopsis vii
Let T be the anonial maximal torus of B
T = {(zi) ∈ U(1)×n | Πzi = 1} ⊂ SL(N,C).
Let βB be the dual Dira element for B, βB ∈ KKB
dimB−dimT (C,C0(B/T)), invertible
following Kasparov. By this one onludes that
jΓ×B(IndB↑G(βB)) ∈ KKdimB−dimT (Γ ⋉r C(G)⋊ B, Γ ⋉ C0(G)⊗ C0(B/T)⋊ B)
= KK
dimEΓ (Γ ⋉r C(G/B),C(EΓ ×Γ G/B))
is invertible as well. One wants to mimi that in the ase of smooth algebras. The tehnial
theorem whih allows to get o the ground is the following equivariant Bott periodiity:
 Let T → SO(V) be a nite orthogonal representation of the torus T = S1 × · · · × S1,
A a bornologial algebra with a smooth ation of T . Then there exist an invertible
element in the bivariant analyti yli homology HA
dimV
(
(A ⊗̂ C∞

(V))⋊T ,A⋊T
)
.
 One wants to replae the group T by any Lie group suh that the representation on
A ⊗̂ C∞

(V) omes from a representation on the fators, and suh that the one on
C∞

(V) fatorises via an orthogonal representation of a torus T on V .
In other words, we an merely onstrut an analogue of the desent homomorphism of the
invertible in KK
T
dimV(C0(V),C), rather than an analogue to an invertible in KK
B
dimV(C0(V),C).
Let us look at the ation of B on B/T . There is a smooth path of group homomorphisms
(αt : B→ B)t∈[0,1] suh that α0 = (B→ T → B),α0,5 = (B→ TA→ B),α1 = idB. Conse-
quently, there are smooth algebras Γ⋉C∞

(G×B/T)⋊ρ×(ζ◦αt)B where ρ : B→ End(C∞ (G))
and ζ : B → End(C∞

(B/T)) are the standard representations. Moreover, there is a or-
responding algebra of setions of the algebra bundle over [0, 0.5] resp. [0.5, 1]. Denote
it by S[0,0.5] resp. S[0.5,1]. (Attention: The homotopy equivalene of the spaes T and B
and the homotopy of ations B 	 B/T and B → T 	 B/T does not yield a homotopy
of the rossed produt algebras.) One an with the help of a deformation déformation,
onstrut a bivariant element in HA
dimB−dimT (Γ⋉C
∞(G/B), Γ⋉C∞

(G/T)), and show that
the latter has the Dira element as inverse. In fat, there is a ommutative diagram (the
one appearing in the proof of 56) from whih one onludes that
α : HA∗(C∞

(Γ\G/T)) = HA∗(Γ⋉C∞

(G× B/T)⋊B)
−→ HA∗(Γ⋉C∞

(G)⋊B)
= (Γ⋉C∞(G/B))
is surjetive. The injetivity follows from a omparison with the ase of C∗-algebras,
where there is an isomorphism with loal yli homology due to Mihael Pushnigg
viii
HA∗(A) ∼= HL∗(A) as well as an isomorphism HL∗(A) ∼= K∗(A) ⊗ C whenever A is KK-
equivalent to a ommutative C∗-algebra, as Γ ⋉
r
C(G/B) is, thanks to the existene of a
bivariant Chern-Connes harater KK→ HL.
Let us give some indiations on how the announed Bott periodiity above is shown. A
quasi-homomorphism between two algebras A and B is an algebra C whih ontains B as
an ideal, together with two homomorphisms f : A→ C, f ′ : A→ C suh that Im(f−f ′) ⊂ B.
One writes (f, f ′) : A→ C⊲B. Making use of half-exatness of HA, one nds that a quasi-
homomorphism (f, f ′) indues a bivariant element in HA
0
(A,B). One then shows:
 The dual-Dira element
βB ∈ KKB(C,C0(B/T))
for B an be realized by a T -equivariant quasi-homomorphism between the smooth
subalgebras
C⇒ C∞(B/T)⊗M
2
⊲ C∞

(B/T)⊗M
2
.
 Its inverse in KK
T
, the Dira element αB, an be realized as a B-equivariant quasi-
homomorphism between the smooth subalgebras.
C∞

(B/T)⇒ L(L2B/T)⊗M
2
⊲ ℓp(L2B/T)⊗M
2
.
It is then shown that the diagram
q2C
''NN
NN
NN
NN
NN
NN
N
qβ// qC∞

(R2)⊗M
2
α // ℓp ⊗M
4
C
66nnnnnnnnnnnnnn
ommutes up to smooth homotopy.
Moreover, it is neessary to understand the eet of α, and thereby that of β, on HP(Γ⋉
C∞(G/B)). This is made possible due to the existene of the spetral sequene, whih
allows to redue the study of HP(Γ⋉A)  to that of HP(A). So the Chern-Connes harater
of the Thom isomorphism omes in there, and this is well known from the lassial proof
of the Atiyah-Singer index theorem.
Having alulated HA∗(Γ⋉G/B), together with some lemmas whih assure that the various
onstrutions are ompatible with HP and KK, one looks at the diagram 4.6, whih involves
the index theorem of Connes-Mosovii and makes sure that the idempotent e ∈ CΓ
satises, with Atiyah's L2-index theorem, τ(e) = τ(µ(D)) = IndD for some dierential
operator D on BΓ . So e ∈ {0, 1}.
Chapter 1
Introdution
General Part
The C∗-algebras assoiated to Lie groups or to their disrete subgroups provide a rih
soure of examples for K-theory of C∗-algebras. One approah to their study is to replae
C∗Γ by the rossed produt algebra C(M) ⋊ Γ , where M is a ompat Γ -spae. This
interpolates between the ases of a free and proper ation, where C(M) ⋊ Γ is strongly
Morita equivalent to C(M/Γ) and the ation on a point, where C(pt)⋊ Γ = C∗Γ .
In the rst part of this work, we will onsider the following situations: Fix some onneted
semisimple Lie group G and a disrete not neessarily oompat but torsion-free subgroup
Γ . Let K be a maximal ompat subgroup of G, and onsider the homogeneous spae G/K.
This is a spae with non-positive setional urvature homeomorphi to some Rn on whih
Γ ats freely and properly. So G/K is a model for EΓ , and Γ\G/K is a model for BΓ . In
what follows, we shall always mean by EΓ and BΓ these partiular realizations with their
smooth struture. We have the lassial fats on existene and uniqueness of geodesis,
and the boundary ∂(G/K) of G/K is dened as follows: Any two geodesi half-rays are
said to be equivalent i their distane is bounded for any t. The quotient spae an be
identied with a ber of the sphere bundle assoiated to the tangent bundle of G/K by
assigning to a geodesi γ its diretion ddtγ(t)|t↓0 in the origin, thus ∂(G/K) identies with
the n − 1-sphere Sn−1.
All this is a generalization of the lassial example, where G = PSL(2,R), K = PSO(2), so
G/K is the upper half (Poinaré) plane and the quotient Γ\G/K is a Riemann surfae of
genus g > 2. So if Γ is oompat, it equals the fundamental group
π
1
(BΓ) =< a
1
,b
1
, . . . ,ag,bg|a1b1a
−1
1
b−1
1
. . .agbga
−1
g b
−1
g >
of the Riemann surfae. The boundary of the upper half plane is the one-point-ompatiation
of the real line, i. e. the irle, and the ation of G on the boundary oinides with the
1
2natural one on RP1 = S1. All this has a omplex analog G = PSL(2,C), K = PSU(2),
where again the natural ation of PSL(2,C) on CP1 = S2 is that on the boundary of the
symmetri spae.
These ations of Γ on the boundary are far from being proper, and, in these examples,
the orbits are in fat dense in ∂(G/K). So the topologial quotient is degenerate, and,
aording to Connes' philosophy ([17℄), the rossed produt is studied instead.
The algebras C(M)⋊ Γ an be introdued from other points of view as well:
Connes has shown how to assoiate to a foliation F of a manifold Va non-ommutative
C∗-algebra C∗(V ,F). If we take F to be the foliation of the unit sphere bundle SEΓ of
EΓ = G/K dened by the equivalene relation introdued above on the geodesi half-rays,
then it passes to SBΓ beause G ats by isometries, and then the equivalene lasses make
up a foliation F of the total spae of SBΓ . The C∗-algebra C∗(V ,F) will then be Morita
equivalent to C(M)⋊
r
Γ .
As a third point of view, we an assoiate to Γ , in ase it is word-hyperboli, its Gromov
boundary ∂Γ and then we will have ∂(EΓ) = ∂Γ = Sn−1, and the ations oinide.
We will make use of the Baum-Connes-assembly map ([6℄)
µ : RKKΓ∗(C0(EΓ),C(M)) −→ K∗(C(M) ⋊r Γ)
whose injetivity for the ases we onsider has been established by Kasparov ([35℄).
In [15℄, Connes proves the following fat: If G = PSL(2,R) and Γ is a torsion-free uniform
lattie in G, then the lass of unit [1] ∈ K
0
(C(M)⋊ Γ) is a torsion element. On the other
hand, in the omplex analog, the lass of unit is of innite order. The main purpose of this
paper is to explain this phenomenon by generalizing it to arbitrary uniform latties in
onneted semi-simple groups. Note that the phenomenon of the lass of unit being of nite
order is neither shared by ommutative C∗-algebras nor by C∗-algebras of groups. If the
group is disrete, for example, there is the anonial trae τ : C∗
r
Γ → C passing to K
0
whih
satises τ([1]) = 1. The idea is to use a redution of the problem to a geometri situation
by means of the assembly map. In [2℄, C. Anantharaman-Delarohe omputes the order
of the lass of unit in the example G = PSL(2,R) and obtains the Euler harateristi of
the group. We will show that this holds in full generality, provided EΓ has a Γ -equivariant
Spin
c
-struture.
One an also onsider ations on trees, in whih ase Robertson ([44℄) obtains the analog
result on the order of the lass of unit again.
Our main result is the equivalene of the following statements:
- The lass of unit is torsion.
- The Euler harateristi of the group is nonzero.
This result links up with lassial fats to the further equivalene to the statements:
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- rk g = rk k, i. e. there is a Cartan subalgebra of g ontained in k.
- There is a disrete series representation of G.
Roughly speaking, the strategy of the proof is as follows: First we show that the lass of
unit is the image under the assembly map of the K-theoreti fundamental lass [BΓ ] of
K
∗(BΓ), using the ommutativity of Kasparov's outer produt. The left hand side of the
assembly map is the K-theory of the unit sphere bundle of the Riemannian manifold BΓ ,
and the lass in question is π∗(BΓ), where π : SBΓ → BΓ is the projetion. The question
if this lass is of nite order or not is preserved by the Chern harater. This allows to
redue the problem to a look at the Gysin sequene of the tangent bundle of BΓ . The Gysin
sequene expliitly involves the Euler lass, and in view of the Gauss-Bonnet-theorem the
equality o the rst two statements is proved. Next, Hirzebruh's proportionality priniple
states that χ(Γ) := χ(BΓ) is nonzero if and only if rk G = rk K, thus our main result.
In order to get information on the exat order of the lass of unit, we will establish the
Gysin sequene at the level of K-theory. It involves the K-theoreti Euler lass, and we
show that that one orresponds under the Chern harater to the ordinary Euler lass. So
the order of the lass of unit is χ(Γ).
We note that for the ases in whih the rank of G is one, one an argue as follows: The
boundary is a homogeneous spae P\G, where P is a minimal paraboli subgroup, and
there is the isomorphism given by Morita equivalene K∗(C(P\G) ⋊r Γ) ∼= P ⋉r C(G/Γ),
and the latter group is isomorphi to K
∗(T\G/Γ) as we shall examine thoroughly, and also
for higher ranks, in the seond part. Also, we mention that the onsiderations made in this
paper illustrate a part of the paper of Emerson [24℄ on non-ommutative Poinaré duality,
and have a ertain intersetion with [25℄.
We proeed as follows: In the rst setion of the seond hapter, we give the setup and
denitions we talk about. In the seond we give a denition of Kasparov's α element for
the group Γ in the form in whih we shall need it. In the third setion we prove our main
theorem. In the fourth setion, we alulate the order of the lass of unit.
The seond part of this work is onerned with the K-theory and yli ohomology of
group rings of latties in semisimple Lie groups. In partiular, an approah to the idem-
potent theorem will be proposed whih makes ruial use of the Furstenberg boundary of
the globally symmetri Riemannian spae G/K.
The ontent of the theorem is that the group algebra CΓ ontains no idempotents other
than 0 and 1. It has been a long standing onjeture, and for the groups onsidered in this
paper it has been proved by Laorgue ([36℄), using Banah KK-theory, and by Pushnigg
([42℄), who omputes the Chern-Connes harater of the γ-element in loal yli oho-
mology, whih both involve tehnially quite advaned theory. The use of the Furstenberg
boundary is supposed to provide a simpler and more geometri approah.
The theorem is weaker than the analogous statement for the C∗-algebrai ompletion C∗
r
Γ
4where it is known under the name Kadison-Kaplansky onjeture and still unsolved for
the lass groups onsidered in this paper. The Kadison-Kaplansky onjeture is an easy
orollary of the Baum-Connes-onjeture alulating K
0
(C∗
r
Γ). However, the latter is un-
proved even for SL(3,Z) or its prinipal ongruene subgroups, whih are torsion-free. Our
approah to the theorem, being index-theoreti, is basially the same as the one via the
Baum-Connes onjeture, and is the most popular sine many years, based on the anon-
ial trae τ : CΓ → C,∑aγγ 7→ a1 on CΓ . Its usefulness for proving the idempotent
theorem is given as follows: The theorem holds if the funtional is integer-valued on all
idempotents of the group ring. To prove this, one rst needs to make use of the involution∑
aγγ 7→
∑
a∗γγ
−1
on the group ring. Trivially the trae is then positive in the sense that
τ(x∗x) > 0 for all x ∈ CΓ . Moreover, it is faithful in the sense that equality holds only if
x = 0. Let e be a projetion. Then by the positivity τ(e) > 0 and 1− τ(e) = τ(1− e) > 0,
so τ(e) ∈ {0, 1} if the trae is integer-valued on idempotents, and then the faithfulness
implies e ∈ {0, 1}. If e is a mere idempotent, not a projetion, then one argues that e is ho-
motopi in the redued C∗-algebra to a projetion, where the same argument applies. The
homotopy does not aet the value of the trae. Now the problem an be translated into
K−theory, beause by the denition of algebrai K
0
, τ passes to a funtional K
0
(CΓ)→ C.
So the theorem holds if the trae funtional on K
0
(CΓ) is integer.
Up to here, there has not yet been any mention of dierential geometry or analysis what-
soever, up to the fat that we intend to onsider latties Γ in Lie groups. However, one of
the most fruitful soures of integrality in mathematis is index theory, and in fat index
theory does the lue here, too. It omes in as follows. There is one anonial way of
onstruting K−theory elements (and in many ases the only one known), namely via the
assembly map
µ : RK
0
(BΓ)→ K
0
(RΓ)
where the left hand side is limX⊂BΓ K0(X), the K-homology with ompat support of BΓ .
The limit is taken over all ompat subsets of BΓ . Normally, the target of µ is the K-theory
of the redued C∗-algebra, but it fators, in fat, through K
0
(RΓ) ([18, 47℄). Here, R is
supposed to mean the algebra of smooth ompat operators. There is a map CΓ → RΓ ,
and τ : K
0
(CΓ) → R fatorizes via K
0
(RΓ), given that R has a anonial trae, too. Now
there is Atiyah's L2-index-theorem whih states that the trae of the assembly map of a
lass represented by an operator D on BΓ is its index: τ(µ([H, ρ,D])) = IndD.
Here, bounded Fredholm operatorsD : H+ → H− whih satisfy ρ(f)D−Dρ(f) ∈ K(H+,H−)
for any f ∈ C(X) are yles for the even K-homology of a ompat spae X, ρ being an
even representation C(X) → L(H), and the index of suh a D is the ordinary Fredholm
index dimKerD− dimKer(D∗).
Therefore the idempotent theorem would follow from the Baum-Connes onjeture, or at
least from the surjetivity of µ, whih however is an open problem sine many years.
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The idea underlying this paper is to onsider a unital oeient Γ -algebra A with the
following two ruial properties:
 The trae is in the image of the restrition map on yli ohomology along the
natural embedding CΓ → Γ⋉A.
 The analyti yli homology of Γ⋉A as well as the K-theory of a suitable C∗-
ompletion of Γ⋉A are omputable, and are equal, after tensorization with C, to
what the Baum-Connes onjeture predits for K-theory.
Here and in the entire sequel we shall not distinguish algebrai or C∗-algebrai rossed
produts by notation, in order to avoid overloaded formulae. We hope that the orret
interpretation will always be lear from the ontext, whenever no expliit explanation
is provided. Given these properties, we ould then use the simple formula < x, τ >=<
x, i∗τ ′ >=< i∗x, τ ′ > to alulate the image of the pairing on all K-theory lasses of RΓ
by evaluating it on all K-theory lasses of the rossed produt that an ome from K
0
(RΓ).
The right argument will be slightly more ompliated, however.
It turns out that A = C∞(G/B) does the job, where B is a minimal paraboli subgroup of
G, and G/B is the so-alled Furstenberg boundary. In ase G = SL(n.C), B is the subgroup
of upper triangular matries with determinant 1. The proof of the rst property relies on
an inspetion of Nistor's lassial alulation of the homogeneous part of yli ohomol-
ogy of rossed produts Γ⋉A. For it an be stated as the existene of an isomorphism
between group hyperohomology with oeients in the yli ohomology of A and the
yli ohomology of Γ⋉A. If A = C∞

(M) then under Poinare duality for M the spetral
sequene for hyperohomology beomes the Leray-Serre spetral sequene for the bration
EΓ ×Γ M → BΓ . The desired property then beomes equivalent to the requirement that
the map from the ohomology of the base to that of the total spae do not annihilate the
fundamental lass, in other words that the spetral sequene be degenerate. The latter
ondition is exatly assured by the splitting priniple if the maximal ompat subgroup
T of B is also a maximal abelian subgroup of a maximal ompat subgroup K of G. This
ondition, in turn, is satised, for example, in the standard example G = SL(n,C). In
fat, the subgroup of diagonal matries with entries in U(1) suh that the determinant is
one is a maximal ompat abelian subgroup for B but also one for K = SU(n,C).
The seond ondition on A relies on the fat that B is a solvable Lie group. So Kas-
parov's Dira-dual Dira mahinery allows to onstrut an invertible Thom element in
KK
Γ
dimB/T
(
C(G/B),C
0
(G/T)
)
, thus exhibiting K∗(Γ ⋉r C(G/B)) isomorphi to
K∗+dimB/T (Γ\G/T).
It is not immediate to draw from this onlusions on the K-theory of the algebrai rossed
produt sine it is diult to get hands on the map indued by the inlusion. However, it
is possible to prove that the inlusion indues an isomorphism in analyti yli homol-
6ogy by making use of Cuntz' piture of K-theory. Namely there is a smooth bornologial
version of the funtors q and Q, allowing to nd homomorphisms
β : Γ⋉qC∞(G/B)→ Γ⋉Mn(C∞

(Y))
and
α : q(Γ⋉Mn(C
∞

(Y)))→ Γ⋉q(Mn(C∞

(Y)))→ Γ⋉C∞(G/B) ⊗̂ ℓp
whih indue isomorphisms in HA∗. Y is a ertain homogeneous vetor bundle over G/B,
dieomorphi to G/T , but endowed with another Γ -ation. More preisely, one has to
dene several variants of Dira and dual-Dira morphisms. One has to dene equivariant
Bott periodiity in the form of an invertible element in HA∗+dimV((A ⊗̂C∞

(V))⋊B,A⋊B).
With some tehnial arguments, whih ontain the largest part of tehnial work in this
paper, involving several times smooth homotopy invariane and exision, one an dedue
that HA∗(Γ⋉C∞(G/B)) ∼= HA∗+dimB/T (Γ⋉C∞

(G/T)). This is immensely helpful beause
the pairing only depends on the lass of the idempotent in the latter yli homology.
All this done, there is a way to make use of the funtoriality of the onstrutions we have
done. They allow to put together Connes-Mosovii's index theorem and Atiyah's L2-index
theorem to dedue that the Chern harater of an idempotent e of CΓ (whih of ourse
only determines the pairing) is the same as the Chern harater of an idempotent whih is
in the range of the assembly map. Unfortunately, the appliation of the Connes-Mosovii
index theorem requires Γ to be oompat. This is the only plae where we require Γ to
be oompat.
This part of the paper is strutured as follows. In the rst setion of the third hapter
we review Nistor's onstrution. In the seond, we investigate the splitting priniple from
various sides. In the fourth hapter, the Dira-dual Dira method is arried out. In its
rst setion, we show how the Connes foliation index theorem would yield the result, if
it applied.In the seond., we show how in KK-the neessary alulations are done. The
third ontains equivariant Bott periodiity. The fourth ontains the ore part, namely
the alulation HA∗(Γ⋉C∞(G/B)) ∼= H∗(Γ⋉G/T). The fth ompares with the spetral
sequene. The sixth ontains the proof of the Kaplansky onjeture.
The results of this paper were ommuniated at VASBI onferene on K-theory and Non-
ommutative Geometry, Valladolid (2006).
I am indebted to my thesis adviser Mihael Pushnigg for most of the ideas underlying this
paper and for the good ooperation, as well as to Heath Emerson for a fruitful disussion
on the subjet, during whih I was also reommended to use the Furstenberg boundary,
and Ralf Meyer for several hints.
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KK-theory and yli ohomology theories
In this setion, we will sketh some of the ideas underlying the various ohomology theories
used in this thesis, as well as some of their important properties.
Shortly after the denition of topologial K-theory of loally ompat Hausdor spaes
it was realized that the denition extended quite naturally to the ategory of possibly
nonommutative Banah spaes. The extension to a bivariant KK-funtor, at least on
separable C∗-algebras, was due to three major motivations. In fat, sine K-theory is
a generalized ohomology theory there exists neessarily a dual K-theory, baptized K-
homology, dened in a hardly elegant way as the K-theory of the omplement of the spae
embedded in some high Rn, or homotopially with the help of spetra. It was Atiyah
who realized that if the spae is a smooth manifold then ellipti dierential operators
give funtionals on K-theory, thus suggesting that these might be yles for K-homology.
However, he was not able to dene the right homology relation. There was another main
input was from Brown-Douglas-Fillmore who related K-homology to C∗-algebra extensions.
Cyles for KK(A,B) are triples (E,π, F), where
 E is a ountably generated right B-Hilbert module
 π : A→ LE is a representation by Hilbert module maps.
 F : E→ E is an operator of degree 1, ommuting with B.
 π(a)(F − F∗) is ompat for all a ∈ A.
 π(a)(F2 − 1) is ompat for all a ∈ A.
 [π(a), F] is ompat for all a ∈ A.
The homology relation is, roughly spoken, homotopy. KK(A,B) are the morphisms in a
ategory of C∗-algebras, and the funtor from the ordinary ategory of C∗-algebras to that
one an be haraterized as the universal stable and split-exat funtor on C∗-algebras.
Suh a funtor is neessarily homotopy invariant by a result of Higson.
One of the entral problems of C∗-algebra K-theory is the omputation of the K-theory
K∗(C∗
r
G) of redued C∗-algebras of loally ompat groups G. It were Baum and Connes
who realized that indies of Γ -equivariant ellipti operators on G-ompat subsets of the
universal lassifying spae for proper ations dened not only integers but elements of
K∗(C∗
r
G). They readily onjetured all these elements ould arise this way, for all loally
ompat groups, and that there ould be nor further equivalene relations among them but
those oming from K-homology. Kasparov sueeded in proving the latter if Γ is a disrete
subgroup of a onneted semisimple Lie group G. To that purpose, he dened equivariant
KK-theory for pairs of separable G-C∗-algebras, having not merely triples (E,π, F) as yles
8but quadruples (E, ρ,π, F) where all of the above axioms hold, and ρ is a representation on
the Hilbert module suh that
 ρ is unitary in the sense
(ρ(γ)s)(f) = ρ(γ)(s(γ−1)f), γ ∈ G, s ∈ E, f ∈ B.
(note that ρ seldom ommutes with B, therefore)
 π beomes ovariant representation in the sense that
ρ(γ)π(a)ρ(γ)−1 = π(γ.a)
 π(a)(γFγ−1 − F) is ompat for all a ∈ A.
Again, KKG viewed as a funtor from the G−C∗-algebras and homomorphisms to G−C∗-
algebras and KK
G
-groups an be haraterized as the universal stable and split-exat
funtor on the ategory of G− C∗-algebras.
KK
G
allowed to dene the assembly map
lim
X
KK
G
∗ (C0(X),C)→ K∗(C∗rG)
the limit being taken over all G-ompat subsets of the universal spae, whih for torsion-
free disrete groups is ordinary EG.
The group K∗(C∗
r
Γ) is the reeptale group for the analyti index. Let us assume that a
ompat smooth BΓ exists. Then the lass of an operator in the K-homology K∗(BΓ) )
an analogously be seen as its topologial index. The Baum-Connes onjeture is then a
great extension of the program proposed by the Atiyah-Singer index theorem in the form
that the analytial index agrees with the topologial one. In K-homology terms and the
language of the Baum-Connes onjeture one an state this as the fat that the following
three maps oinide:
 K∗(M)→ K∗(pt) = Z, the map indued by shrinking M to a point.
 The Poinaré duality followed by the shriek map of the ollapsing map: K∗(M) ∼=
K
∗(T∗M)→ K∗(pt) = Z.
 The lassifying map for the fundamental group followed by the assembly map followed
by the trae funtional
K∗(M)→ K∗(Bπ1M)→ K∗(C∗
r
π
1
M)→ R.
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However, the Atiyah-Singer index theorem only gains its full power after translating it
into ordinary ohomology, i. e. after omputing the Chern harater of the shriek map
K
∗(T∗M)→ Z. It is therefore apparent that it is very useful to dispose of of a version of de
Rham ohomology for nonommutative algebras. This should be a generalized ohomology
theory dened by a natural omplex together with a pairing with K-theory. The above
disussion implies that traes should be oyles for that theory, and that the pairing
should generalize the trae funtional. This theory is, as one an guess, yli ohomology,
and it was rst dened by Connes and independently by Tsygan. See setion 3.1.1 for short
introdution to yli homology. It turns out that yli homology only behaves well for
muh smaller algebras than C∗-algebras. For example on has HCn(C∞(M)) ∼= H
ev/oddM
for large n, but HC0(C(M)) is the spae of Radon measures on M. (One has to use HC
for Fréhet algebras, i.e. one has to replae ⊗ by ⊗̂ for homology, and funtionals by
ontinuous funtionals in ohomology). This is not surprising in view of the fat that we
are dealing with a generalization of de Rham-theory, not Ceh theory.
HC∗ enjoys desirable properties like exision and smooth homotopy invariane only in a
very limited sense. It is therefore better to pass to periodi yli homology, dened by
the omplex Π
ev
ΩA⇆ Π
odd
ΩA. This theory does satisfy the following properties ([43℄).
 Invariane with respet to dieotopies (smooth homotopies)
 Invariane under nilpotent extensions
 Algebrai Morita invariane
 Exision
Analyti yli homology was dened by Pushnigg and developed in great detail on the
ategory of bornologial algebras by Ralf Meyer ([38℄). It is possible to dene analyti yli
homology as the homology of the omplex Ω̂
ev
A ⇆ Ω̂
odd
A, where Ω̂ is the bornologial
ompletion of the omplex of nonommutative dierential forms. It is also invariant under
topologially nilpotent extensions, satises exision, and is Morita invariant. The impor-
tane of analyti yli homology in this work lies in the fat that we an show that it is not
degenerate neither on small algebras like the algebrai rossed produt nor on C∗-algebras.
Moreover, there is a Chern harater both from K-theory and K-homology. However, there
is no bivariant one. This is remedied by loal yli homology, due to Pushnigg. HL enjoys
the following two ruial properties.
 There is a bivariant Chern-Connes harater KK → HL in full generality, i. e.
a multipliative natural transformation of bifuntors. This is alled a generalized
Grothendiek-Riemann-Roh theorem.
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 On ommutative C∗-algebras one has HL∗(C0(M)) = H2Z+∗c (M). So whenever a
KK-group is omputed by a KK-equivalene with a ommutative C∗-algebra, then
so is HL by the preeding property.
 It is a fat proved in [43℄ that for a large lass of algebras, that C∗algebras belong
to, loal yli homology oinides with analyti yli homology (Caution: This is
not true in ohomology).
Chapter 2
Equivariant K-theory of the visibility
boundary
Let G be a real onneted semisimple Lie group, K a maximal ompat subgroup. Then
the homogeneous spae G/K is a globally symmetri Riemannian spae of non-positive
setionl urvature, see appendix A.1.
Throughout this thesis, i will denote the dimension of G/K. Sine G ats freely and
properly on itself, so does a disrete and torsion-free subgroup Γ on G and even on G/K.
Sine G/K is ontratible, we have found a model for the lassifying spae EΓ for prinipal
bre bundles, and we also have BΓ = Γ\EΓ = Γ\G/K. In the sequel, EΓ resp. BΓ will stand
for the partiular models G/K resp. Γ\G/K with all extra strutures.
We are now going to dene the boundary of G/K.
Denition 1. Let X be a manifold of non-positive setional urvature. Two unit-speed
geodesi rays in X are alled asymptoti if there is a onstant a ∈ R suh that
d(a
1
(t),d(a
2
(t)) 6 a for all t ∈ R+.
The boundary ∂(X) is the set of equivalene lasses of geodesi rays. This set is topologized
by identifying X ∪ ∂X with a ber of the unit disk bundle of TX via the exponential map
and ∂X therefore with a ber of the unit sphere bundle.
If Γ is oompat, then Γ is hyperboli if and only if the real rank of G is one. This
follows from the fats that the inlusion Γ → G is a quasi-isometry, and that the setional
urvature of G attains zero if and only if there is a two-dimensional at in G. If Γ is
oompat and hyperboli, then the Gromov boundary ∂Γ oinides with ∂(G/K) ([28℄,
théorème 37). The ation of Γ on geodesis passes to the quotient beause Γ ats by
isometries, so we have an ation Γ → Aut
Top
(∂(G/K)). This is the ation we will mainly
be interested in. We remark that it is always ergodi (see[50℄). Furthermore, in many
11
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onsidered ases all orbits are dense so that the naive quotient Γ\∂(G/K) has a very bad
topology. Instead, we will look at the homotopy quotient EΓ×Γ ∂(EΓ). This spae is dened
to be the quotient of EΓ × ∂(EΓ) by the diagonal ation γ(a,b) := (aγ−1,γb) = (γa,γb).
Lemma 2. The spae EΓ×Γ ∂(EΓ) is homeomorphi to the unit sphere bundle S(Γ\G/K)
of BΓ .
Proof. The unit sphere bundle of G/K is trivial sine G/K is ontratible. So it is home-
omorphi to G/K × ∂(G/K). There is a anonial Γ -equivariant homeomorphism whih
assigns to a tangent vetor its base point and diretion. On the other hand, using the
denition of the boundary as given above, one observes that under this homeomorphism
the ation of Γ on the unit sphere bundle orresponds to the diagonal ation of Γ on the
produt. So the homeomorphism desends to the quotient.
Our objet of study is the C∗-algebrai redued rossed produt Γ⋉
r
C(∂(G/K)) dened
by the ation desribed above.
We shall make use of the Baum-Connes assembly map ([6℄) in the form
µ : RKKΓ∗(C0(EΓ),A) −→ K∗(Γ ⋉r A),
as desribed, for example, in [48℄. Assuming an equivariant Spin
c
-struture on EΓ , we shall
write and use µ in the form
KKi+j mod 2(C, Γ ⋉r (C0(EΓ)⊗A)) −→ Kj(Γ ⋉r A)
In our ontext, this map is split injetive ([35℄).
The strategy of the proof is to realize the lass of unit geometrially, i. e. to nd a
anonial preimage x of [1] under µ. Of ourse, the niteness of the order of x is suient
for that of its image µ(x) under µ without any assumption on µ. If µ is rationally injetive,
the onverse also holds. So for the suieny of our riterion for the niteness of the order
of [1], we shall only need the mere existene of µ. This was essentially the line of reasoning
Connes used in [15℄. For the neessity of the riterion, we shall need to make use of µ's
rational injetivity.
2.1 The Dira and dual-Dira elements for Γ
In this setion, we will desribe the onstrution of the Dira element α for Γ , α ∈
KK
Γ (SeCliff T∗EΓ ,C), and how to redue it to KKΓ (C
0
(EΓ),C). We need α in the latter
form beause it allows to write the assembly map in most geometri form.
Almost all of the ontents of this setion are based on [35℄.
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We shall make use of the lassial Dira element for the group Γ as dened by Kasparov,
[35, 4.2℄. It is an element of
KK
Γ (Se(Cliff(T∗EΓ ⊗ C)),C),
where Se denotes the ontinuous setions of a bundle vanishing at innity, and Cliff(T∗EΓ⊗
C) denotes the Cliord algebra bundle of the omplexied otangent bundle.
The Hilbert spae dening this KK-element is L2Λ∗T∗EΓ , the spae of square-integrable
dierential forms with respet to the measure dened by the metri. This Hilbert spae is
equipped with a anonial Γ -ation indued from the Γ -ation on EΓ by translations. The
algebra Se(Cliff(T∗EΓ ⊗ C)) an be represented on this Hilbert spae by
π(f)ξ = ext(f)(ξ) + int(f)(ξ)
for f a one-form on EΓ . By alulation, one obtains
π(f)2 = ext(f)int(f) + int(f)ext(f) = ||f||2
whih assures by the universal property of the Cliord algebra that π passes to a repre-
sentation of Se(Cliff(T∗EΓ ⊗ C)) on the Hilbert spae. Finally the operator D is given
by funtional alulus with x 7→ x√
1+x2
applied to D = d + d∗, making it a bounded
operator. This denes the data needed for the KK-yle, and it remains to verify the
required properties. D is essentially self-adjoint, so D is self-adjoint. D is Γ -invariant,
so D is Γ -invariant. Let a ∈ Se(Cliff(T∗EΓ ⊗ C)). Then a(1 − D2) = a( 1
1+D2
) whih,
roughly speaking, is ompat beause of the following argument. The funtion
1
1+x2
is
norm-limit of ompat support-funtions. In a ompat interval of R an be only nitely
many eigenvalues of an ellipti operator, sine its spetrum is disrete, moreover they are
all of nite multipliities. So
1
1+D2
is limit of a sequene of nite rank operators, thus it is
ompat (more preisely, one has to invoke Rellih's lemma). The hard part of the proof
then is to show that [a,D] is ompat, too. This is done by exhibiting [a,D] as an integral
onverging in norm of ompat operators. Thus the α-element is dened.
We will now desribe how to redue the element α ′ ∈ KKΓq(Se(Cliff(T∗EΓ ⊗ C)),C),
where, as always, q = dim Γ , to an element αΓ ∈ KKΓq(C0(EΓ ,C)), and similarly for
β ′ ∈ KKΓq(C, SeCliff T∗EΓ). This is what we shall need in view of the fat that we have
to arry out topologial onstrutions with α.
In fat, denote by Spin the spinor bundle on EΓ suh that Cliff T∗EΓ ∼= End Spin. Then the
spae of setions of Spin vanishing at innity provides a Γ -imprimitivity bimodule between
SeCliff T∗EΓ and C
0
(EΓ), thus an invertible element
Morita ∈ KKΓ
0
(SeCliff T∗EΓ ,C
0
(EΓ))
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(see [35, 2. 18℄). We thus dene
αΓ = Morita−1⊗α ′, and βΓ = β ′ ⊗Morita .
The element αΓ has then following properties. First, αΓ ⊗βΓ = 1 ∈ KKΓ
0
(C
0
(EΓ),C
0
(EΓ)),
whih follows diretly from the denitions, the assoiativity of the Kasparov produt and
α ′ ⊗ β ′ = 1. So the right produt with αΓ is injetive.
Seond, the element
res
Γ
e(β
Γ ⊗ αΓ ) = resΓe(β ′)⊗ resΓe(α ′) = resΓe(γ) ∈ KK0(C,C) = Z
equals 1 ∈ Z, where resΓe denotes the forgetful map KKΓ → KK dened by restrition
along e → Γ . The fat that resΓe(γ) = 1 an be seen as follows. It is an idempotent in
KK
0
(C,C), so it is either 0 or 1. The rst possibility is exluded by the alulation
1 = res(1) = res(α ′ ⊗ β ′ ⊗ α ′ ⊗ β ′) = res(α ′)⊗ res(γ)⊗ res(β ′).
This means that res
Γ
e(β
Γ ) and resΓe(α
Γ ) are inverse Bott elements, up to sign. By the
orientation onventions, this sign is +1.
Whenever G is simply onneted, for instane G = SL(n,C), then the Spinc-ondition is
automati (see the proof of theorem 40 and remark 39). Note also that Connes shows
in [15, p. 37℄ that in the ase G = SL(n,R),K = SO(n) for even n the representation
K→ SO(g/k) even lifts to Spin(g/k), so in partiular it preserves a Spinc-struture.
2.2 The main theorem on the lass of unit
Theorem 3. Let G be a onneted semisimple Lie group, K a maximal ompat sub-
group, G/K the assoiated globally symmetri spae of non-positive setional ur-
vature, Γ a torsion-free oompat lattie of G, Γ → Aut
Top
(G/K) the left Γ-ation
oming from the natural ation of Γ on G, Γ → Aut
Top
(∂(G/K)) its extension to the
boundary of the symmetri spae. Assume furthermore that EΓ is endowed with a
Γ-invariant Spinc-struture, and that Γ is oompat.
Then the following are equivalent:
(1) The unit [1] ∈ K
0
(C(∂(EΓ)) ⋊
r
Γ) is a torsion element.
(2) The K-theoreti fundamental lass [BΓ ] ∈ Kq mod 2(BΓ) is mapped by
π∗ : Kq(BΓ)→ Kq(S(BΓ))
to a torsion lass.
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(3) The orientation lass or fundamental lass of H∗(BΓ ;Q) is in the kernel of
π∗ : H∗(BΓ ;Q)→ H∗(S(BΓ);Q).
(4) The Euler harateristi χ(Γ) = χ(BΓ) of Γ does not vanish.
(5) The Euler-Poinaré measure of G is non-zero.
(6) The Lie algebras g and k of G and K have same rank.
See appendix A.2 for a denition of the Euler-Poinaré-measure.
Remark 4.
1. The fth and sixth riteria are independent on Γ .
2. The ondition on G appearing in statement (6) is muh easier to verify than the rst
four statements. It holds for any omplex semisimple Lie group G. In partiular, it
holds for G = SL(n,C),n > 2. The reason is the following. Sine the Lie algebra
g of of a omplex semisimple Lie group G has a ompat real form g
0
, whih is
unique up to isomorphism, and sine Cartan subalgebras in the real and omplex
sense orrespond to eah other, we have rk g = rk g
0
⊗ C = 2 rk g
0
. So both ranks
are always dierent, sine they never vanish. On the other hand, the ondition is
not met by the real semisimple Lie group G = SL(2,R). Here, rk g = rk k = 1.
This ahieves one of our aims, namely an explanation of Connes' alulation ([15℄)
that the lass of unit has torsion in ase G = SL(2,R), and does not have torsion if
G = SL(2,C).
3. We will prove below, that when Γ is not oompat, there is only one possibility,
namely that the statements (1), (2) and (3) do not hold for any real semisimple
onneted G. Statement (4) does not make sense in that ase, and onsequently
there is nothing to say on statements (5) and (6) then.
4. The ondition on the Lie group G appearing in the theorem also shows up in quite
dierent ontexts. For instane, it is equivalent to G having a disrete series repre-
sentation ([5℄).
Proof (of the theorem).
As we have assumed that Γ is oompat, the Riemannian manifold BΓ = Γ\G/K is om-
pat. However, we want to the part of the proof that shows (1) ⇔ (2) ⇔ (3) to apply
also in the nonompat ase that we will look at below. So we remind the reader that we
always use K-theory and ohomology with ompat supports.
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(1)⇔ (2) : We set up a ommutative diagram
Kq(C
0
(BΓ))
π∗

−⊗j(α) // K
0
(C∗
r
Γ)

Kq(C
0
(EΓ ×Γ ∂(EΓ)))
−⊗j(α⊗1C(∂(EΓ))) //
K
0
(Γ ⋉
r
C(∂(EΓ)),
where for simpliity the isomorphisms oming from the strong Morita equivalene,
i. e. the invertible element in KK
0
(Γ ⋉ C
0
(EΓ × X),C
0
(EΓ ×Γ X)) are suppressed
in the notation. Reall that we view α being in KKΓq(C0(EΓ),C), and that π :
∂(EΓ) → pt denes an element in KKΓ
0
(C,C(∂(EΓ)). Then we ompute with the
denition of the up produt (this is the ase − ⊗C − of the Kasparov up-ap
produt) and its ommutativity the Kasparov element that desribes the omposition
(−⊗ j(α⊗ ∂(EΓ))) ◦ π∗:
j(1C
0
(EΓ) ⊗C π∗)⊗Γ⋉
r
C
0
(EΓ⊗∂(EΓ)) j(α⊗ 1C(∂(EΓ))) =
j((1C
0
(EΓ) ⊗C π∗)⊗C
0
(EΓ⊗∂(EΓ)) (α⊗ 1C(∂(EΓ)))) =
j(π∗ ⊗C α) = j(α⊗C π∗) = j(α)⊗C∗
r
Γ j(π
∗)
and by the assoiativity we have shown that the diagram ommutes.
Now the lower arrow is split injetive by Kasparov's equality α ⊗ β = 1C
0
(EΓ). In
fat,
j(α⊗ 1C(∂(EΓ)))⊗ j(β⊗ 1C(∂(EΓ))) = j((α⊗ β)⊗ 1C(∂(EΓ)))
= j(1C
0
(EΓ) ⊗ 1) = 1
and right multipliation with j(β⊗ 1C(∂(EΓ))) provides a left inverse to the assembly
map. The ation of the γ-element j(β ⊗ α) ∈ KK
0
(C∗
r
Γ ,C∗
r
Γ) on K∗(C∗
r
Γ) is the
projetion onto the image.
So it only remains to identify a preimage of the lass of the unit in K
0
(C∗
r
Γ).
The assembly map in the form µ : RK
0
(BΓ)→ K
0
(C∗
r
Γ), whih is the easiest ase of
the denition of Baum, Connes and Higson, fatorizes as K-theoreti Poinaré duality
RK
0
(BΓ) ∼= Kq(BΓ) followed by − ⊗ j(α) ([42℄, [35℄). Now Valette ([48℄) shows that
µ([i∗]) = [1], where [i∗] is the lass in RK0(BΓ) that orresponds to the inlusion of
a point in BΓ . So the statement follows from the fat that the orientation lass in
K
q(BΓ) is the Poinaré dual of the point lass in RK
0
(BΓ).
(2)⇔ (3) : The fat that the Chern harater K∗(X) → ⊕H∗+2i

(X) is a rational isomorphism
implies that it sues to show that it maps the K-theoreti fundamental lass to the
ordinary ohomologial one, up to sign. Topology teahes that both fundamental
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lasses an be dened as follows: Denote by [Sq] the fundamental lass of the q-
sphere, i. e. its orientation lass or the Bott lass (be it even or odd). Choose an
arbitrary point in BΓ and map a neighborhood whih is dieomorphi to the i-dis in
suh a way to the sphere that the omplement of the hosen neighborhood is mapped
to the north pole, and the base point is mapped to the south pole, and the resulting
map from the one-point ompatiation of the interior of the neighborhood to the
sphere has degree one. Then [BΓ ] = f∗([Sq]). This follows from mapping the long
exat sequene assoiated to the pair (Sq, pt) in any generalized ohomology theory to
the one assoiated to (BΓ ,BΓ−Dq∪∂Dq). The generator of Hq(BΓ ,BΓ−Dq∪∂Dq) =
H
q(BΓ ,BΓ − pt) is mapped to the orientation lass in Hq(BΓ). So the naturality of
the Chern harater and the well-known fat that the Chern harater of the Bott
lass is, up to sign, the orientation lass - whih, in turn is proved by reduing it by
the long exat sequene relating redued and unredued ohomology of the sphere
to the ase of Rq - together ahieve the proof.
(3)⇔ (4) : Let us reall the denition and fundamental properties of the Euler lass as well as
the Gysin sequene
· · · → Hm(BΓ) −∪e−−−→ Hm+q(BΓ) π∗−→ Hm+q(SBΓ)→ Hm+1(BΓ)→ . . . ,
where e ∈ Hi(BΓ) is the Euler lass of BΓ .
So let π : E→ X be an arbitrary eulidean vetor bundle (the multiple use of the letter
π should ause no onfuse) over a loally ompat Hausdor spae X, and let SE and
DE denote its unit sphere and unit dis bundle, respetively. Let i = dimX,n = rk E.
Let H
∗
be any generalized ohomology theory with arbitrary supports, and assume
that E is orientable with respet to H. This means that there is a Thom lass
u ∈ Hn(E,E − x), the ohomology of the total spae of E with ompat supports
in the vertial diretion, (or u
H
if the ohomology theory is to be speied) suh
that H
∗(E,E− X) is a free module over H∗(X) (with arbitrary supports) of rank one
with generator u. If the base spae is ompat, then H∗(E,E − X) is the ompat
support ohomology of the total spae of E. Here, the module struture is dened by
the salar multipliation π∗(−) ∪ u where ∪ is the pairing Hp(E)⊗Hm(E,E− X)→
H
p+m(E,E− X), and π∗ : Hp(X)→ Hp(E). If one prefers to deal only with ompat
support ohomology and proper maps, one an write down the module struture
as follows. Let m : E → M × E be the proper map e 7→ (π(m), e). Then the
expression m∗(− × u) denes the H∗

(X)-module struture on H∗

(E), where − × − :
H
p

(X)⊗Hm

(E)→ Hp+m

(X×E) denotes the exterior or ross-produt. If X happens
to be ompat, then one easily heks that both module strutures agree. The seond
expression enjoys a Thom isomorphism only if it agrees with the rst one, i. e. in
ase X is ompat. So we will deal with the nonompat ase separately.
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So let X be ompat.
Consider the relative group H
k(DE,SE) in the theory H. For example, if H = K, then
this is just the 6-term exat sequene assoiated to the ideal given by the ontinuous
funtions on DE that vanish on SE in the algebra of all funtions on DE.
By the obration property, this is equal to H
k(DE/SE,SE) = Hk(E+,∞), the
ompat support ohomology of the total spae of E, whih in turn is isomorphi
by the Thom isomorphism theorem to the ohomology H
k−n
of the base spae X.
(Equivalently, the pair (DE,SE) is homotopy equivalent to (E,E-X)). Furthermore,
DE an be retrated to X, and under all these isomorphisms the maps in the long
ohomology exat sequene assoiated to the pair DE,SE an be rewritten: The
map SE → DE beomes the projetion π : SE → X (whih is proper). The map
(DE,SE) → DE beomes multipliation in the indiated sense with the Thom lass
u ∈ Hn(E+,∞), −× u : Hk−n

(X)→ Hk

(E) followed by restrition to Hk(X). So the
map H
k−n(X)→ Hk(E)→ Hk

(X) is expressed by
i∗(m∗(−× u)) = m∗(id× i)∗(−× u) = m∗(−× i∗(u)) = − ∪ i∗(u),
whih motivates the Euler lass.
Denition 5. i∗(u) ∈ Hk(X) is alled the Euler lass of the vetor bundle E and
ommonly denoted e (or e
H
if the ohomology theory is to be speied). If X is a
Riemannian manifold and E = TX then e is alled the Euler lass of X.
If Γ is a disrete group whih is the fundamental group of a smooth ompat aspherial
manifold BΓ , then the Euler harateristi in ordinary ohomology of BΓ is alled
the Euler harateristi of Γ .
The name (and the well-denedness) omes from the lassial Gauss-Bonnet theo-
rem : Let E = TX. Then
< e, [X] >=
∫
X
e = χ(X),
the Euler harateristi of X, dened by χ(X) =
∑
i(−1)
iai, where ai is the number
of ells in dimension i of a triangulation of X, or by χ(X) =
∑
i(−1)
i
dimHi(X). In
other words, the theorem states that e = χ(X)[X], beause e is onentrated in top
degree. We will lateron show an analogous property in K-theory.
The preeding disussion, together with the denition of the Euler lass, yield the
existene of an exat sequene, alled the Gysin sequene :
· · · → Hk(X) −∪e−−−→ Hk+n(X) π∗−→ Hk+n(SE)→ Hk+1(X)→ . . . .
whih establishes the equivalene of the statements (3) and (4).
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(4)⇔ (5)⇔ (6) : These equivalenes are lassial. We will give an aount of the arguments in ap-
pendix A.2.
Let us now look at the nonompat ase. We shall not even require Γ to be of nite
ovolume.
Theorem 6. In the situation of the preeding theorem, let Γ not be oompat. Then
the following statements hold:
(1) The unit [1] ∈ K
0
(C(∂(EΓ)) ⋊
r
Γ) is not a torsion element.
(2) The K-theoreti fundamental lass [BΓ ] ∈ Kq mod 2(BΓ) is mapped by
π∗ : Kq(BΓ)→ Kq(S(BΓ))
to a lass of innite order.
(3) The (orientation) fundamental lass of H∗(BΓ ;Q) is not in the kernel of
π∗ : H∗(BΓ ;Q)→ H∗(S(BΓ);Q).
Proof.
The proof of the preeding theorem remains valid to show that (3) =⇒ (2) =⇒ (1). Let
us show that (3) holds for any Lie group G. The model Γ\G/K for BΓ is nonompat as well,
and the bration EΓ ×Γ ∂(EΓ)→ BΓ has a nonompat base spae. There need not always
be a ompat model for BΓ . For instane, the fundamental group of a Riemannian surfae
of innite genus is a subgroup of SL(2,R) (However, even if there were suh a ompat
BΓ as well, it would not be useful, beause SBΓ obviously depends on the dieomorphism
type of BΓ).
Lemma 7. Let X be an open Riemannian orientable i-dimensional manifold, E = TX
its tangent bundle. Then the fundamental lass of H
q

(X) is not annihilated by π∗ :
H
q

(X)→ Hq

(SX).
Proof. Consider the K-theory 6-term exat sequene assoiated to the ideal C
0
(TX) of
C
0
(DX)
K
0(TX)
i∗ //
K
0(DX)
π∗ //
K
0(SX)

K
1(SX)
OO
K
1(DX)
π∗
oo K1(TX).
i∗
oo
Tensoring with Q, replaing DX with the properly homotopy equivalent X, and taking
into aount that the Chern harater is a rational isomorphism, we get again an exat
sequene
H
ev

(TX)
i∗−→ Hev

(X)
π∗−→ Hev

(SX)
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and similarly for odd ohomology. i∗ and π∗ preserving the degree, it follows that for any
k there is an exat sequene
H
k

(TX)
i∗−→ Hk

(X)
π∗−→ Hk

(SX).
If we rewrite the rst map i∗ : Hk

(TX)→ Hk

(X) under Poinaré duality and use homotopy
invariane, we get a map H
2i−k(X)→ Hi−k(X) that lowers degree by i = dimX. An open
i-manifold always has the homotopy type of its i− 1-omplex. So Hi(X) is zero. So sine
Hq(X) an only be non-zero for 0 6 q 6 i− 1, the map i
∗
must be zero.
We onlude that neither of the statements (1), (2), (3) holds, and the lass of unit in
K
0
(Γ ⋉
r
C(∂(EΓ))) is not torsion, whenever Γ is not oompat.
2.3 The exat order of the lass of unit
We now want to assume that Γ is oompat and that its Euler harateristi is non-zero
(in partiular, i is even), so that the unit lass is torsion, and want to ompute the order
of the latter in K
0
(Γ ⋉
r
C
0
(∂(EΓ))).
Theorem 8. In the situation of the main theorem, let Γ be oompat and let the
equivalent statements of the theorem hold. Then the lass of unit
[1] ∈ K∗(C(∂(EΓ))) ⋊r Γ)
is of order |χ(Γ)|, the absolute value of the Euler harateristi.
In partiular, the lass of [1] is non-zero. Proof. The disussion of the Gysin sequene
in the proof of the equivalenes (3)⇔ (4) of the main theorem on the lass of unit applies
also in the ase where the generalized ohomology theory H is K-theory. We thus get a
yli 6-term exat sequene:
K
0(X)
−∪e //
K
n(X)
π∗ //
K
n(SE)

K
1(SE)
OO
K
1(X)
π∗
oo K1(X).
−∪e
oo
(One may have the impression that this onludes the proof. However, the following
arguments are still neessary.)
Reall that we assumed EΓ to be Γ -invariantly Spinc, or equivalently that BΓ is Spinc.
First we observe that the Chern harater of the K-theoreti Euler lass is, up to sign,
equal to the ohomologial one. In fat,
h(e
K
) = h(i∗u
K
) = i∗(h(u
K
)) = i∗(τ(BΓ)u
H
) =
i∗((−1)q/2u
H
+ y) = (−1)q/2(i∗(u
H
) + i∗y) = (−1)q/2i∗(u
H
) = (−1)q/2e
H
,
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where eK, eH,uK,uH are the K-theoreti resp. ohomologial Euler resp. Thom lasses
and τ is a harateristi lass beginning with (−1)q/2. This means that τ = (−1)q/2[pt]+y,
[pt] being the pullbak of the hosen generator of the ohomology of a point along the map
BΓ → pt, and y being a ohomology lass whose omponent zero part vanishes. This
follows from the equality (see [30℄)
τ =
(−1)q/2
Todd TBΓ
,
where Todd denotes the Todd genus of a Spin
c
-vetor bundle.
There is a diagram, the rst line being exat as a part of the 6-term sequene established
above:
K
0(BΓ)

∪e //
K
0(BΓ)

//
K
0
(Γ ⋉
r
C(∂(EΓ)))
H
ev
∪(−1)q/2e //
H
ev(BΓ).
and the upper right arrow maps [BΓ ] to [1].
By the rational injetivity of the Chern harater and h([BΓ ]
K
) = [BΓ ]
H
, we onlude that
e
K
= χ(BΓ)[BΓ ] + t, where t is a torsion element. The following lemma shows that t = 0,
beause [BΓ ] is an element of innite order.
Lemma 9. The element e
K
= i∗(u) is in the subgroup of K∗(BΓ) generated by [BΓ ].
Proof. The spae BΓ being ompat and orientable, it an be realized simpliially as a
omplex with a single top ell. This means that BΓ/(BΓ)q−1 is homeomorphi to Sq, where
BΓq−1 is the (q − 1)-skeleton of a ell deomposition of BΓ . Denote by j : BΓq−1 →֒ BΓ
the inlusion and by f : BΓ → Sq the projetion.
Let
· · · → K0(Sq) f∗−→ K0(BΓ) j
∗
−→ K0(BΓq−1)→ 0
be the long exat sequene assoiated to the pair (BΓ , (BΓ)q−1).
Let us show that e is in the kernel of j∗.
Now, the tangent bundle TBΓ |BΓq−1 restrited to BΓ
q−1
has by dimension reasons zero
Euler lass, so there is a nowhere vanishing setion s : BΓq−1 → TBΓ . The setion s is
homotopi to the zero setion t : BΓq−1 → TBΓ , beause so is any setion of the tangent
bundle. We have
j∗(e
K
) = j∗(i∗(u)) = (ij)∗(u) = t∗(u) = s∗(u).
But u ∈ K∗(TBΓ) is represented by a omplex whih is exat outside the zero setion, so
s∗(u) is zero.
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We have shown that e
K
= (−1)q/2χ(BΓ)[BΓ ]. This implies that the order of the lass
of unit is at most |χ(BΓ)|. If it were less, there would be an element x of K0(BΓ) whih gets
mapped by −∪ e
K
to z[BΓ ] for 1 6 z 6 |χ(BΓ)|− 1. But if we had x∪ e = z[BΓ ], then there
would be the equality (h(x))
0
χ(BΓ)[BΓ ] = z[BΓ ] where h(x)
0
is the degree zero part of
h(x) whih is always an integer. So there would be a ontradition. This onludes the
proof of the theorem.
Remark 10. We an even make preise the sign of χ(Γ) = χ(BΓ) in ase rk G = rk K. The
proof ontained in the preeding setion shows that the Euler harateristi of the ompat
dual G ′/K ′ is positive, and that the urvature tensor R of G/K is minus R ′, the one of
G ′/K ′. So the Euler density Ω of G/K, being linear in q/2 powers of R, has sign (−1)q/2
times that of G ′/K ′, and χ(G ′/K ′) > 1. So we dedue that χ(Γ) has sign (−1)q/2.
Chapter 3
Equivariant Cyli Cohomology of the
Furstenberg boundary
3.1 Nistor's onstrution from the topologial point of view
3.1.1 Simpliial Methods, Cyli Modules and Group Homology
We are now going to introdue shortly yli and Hohshild homology, and then give an
introdution to Nistor's onstrution, whih is a nie demonstration of the interplay of
notions from group theory, homology, yli homology, homotopy theory and homologial
algebra enountered in the subjet.
The simpliial ategory ∆ is the ategory whose objets are the natural numbers, where
n ∈ N is viewed as the set {0, . . . ,n}, with morphisms the non-dereasing maps. A simpli-
ial objet in a ategory A is a ontravariant funtor ∆→ A.
The yli ategory Σ is the ategory whose objets are the natural numbers, where n ∈ N
is viewed as the irle S1 together with the distinguished subset of the n-th root of unity.
Then the morphisms are homotopy lasses of one dierentiable maps S1 → S1 of degree 1
with nowhere negative derivative whih map the distinguished subset to the distinguished
subset. A yli objet in a ategory A is a ontravariant funtor Σ→ A.
There are anonial morphisms in ∆, namely the fae maps. The i-th fae δi : [n−1]→ [n]
is dened as the injetion {0, . . . ,n − 1} → {0, . . . ,n} with i not in the image. The asso-
iated morphism Mn → Mn−1 in A is alled the i-th fae map and is denoted by di.
Similarly, there are degeneray maps σi : Mn → Mn+1 assoiated to the surjetion
{0, . . . ,n + 1} → {0, . . . ,n} whih sends both i and i + 1 to i. The fae and degeneray
maps satisfy a ertain set of equations suh as didj = dj−1di, suh that they yield a pre-
sentation of the ategories ∆ resp. Σ, so that the simpliial objets in a ategory are exatly
those sequenes of objets together with morphism di and σi that satisfy the latter.
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There is a anonial inlusion funtor ∆ → Σ giving rise to a forgetful funtor from the
yli objets in A to the simpliial ones. A yli objet is then a simpliial one together
with the additional struture of yli operators tn : Mn → Mn orresponding to the
rotation morphisms in the ategory Σ.
A simpliial set (module...) is a simpliial objet in the ategory of sets (modules...).
A omplex algebra B gives rise to a yli vetor spae by virtue of the following denitions.
Mn = B
⊗(n+1)
di(b0 ⊗ · · · ⊗ bn) = (b0 ⊗ · · · ⊗ bibi+1 ⊗ · · · ⊗ bn) if 0 6 i 6 n− 1
dn(b0 ⊗ · · · ⊗ bn) = (bnb0 ⊗ · · · ⊗ bn−1)
σi(b0 ⊗ · · · ⊗ bn) = (b0 ⊗ · · · ⊗ bj ⊗ 1⊗ bj+1 ⊗ · · · ⊗ bn)
(It sues to suppose that B is unital sine, similarly to K-theory, the natural denition of
yli homology has the property that on non-unital algebras it is the redued one of the
unitization, see [37℄, in other words yli homology is a theory with ompat supports).
A simpliial module gives rise to a anonial hain omplex in the following way. Let di
denote the i-th fae operator. Then d =
∑n
i=0 di makes the sequene of vetor spaes a
hain omplex.
Consider the anonial funtor from the ategory of the sets to the ategory of modules
assoiating to the set X the free module with base X. Composition with this funtor denes
a funtor from the ategory of simpliial sets to the ategory of simpliial modules. The
simpliial homology of the simpliial set is dened as the homology of the hain omplex
assoiated to the free simpliial module on the simpliial set.
A yli module gives rise to several anonial hain omplexes in the following ways.
First, there is the forgetful funtor from the ategory of yli modules to the ategory
of simpliial modules. Hene, there is the hain omplex assoiated to the underlying
simpliial module. Its homology is alled the Hohshild homology of the yli module.
Seond the presene of the yli operators endows the Hohshild omplex with another
asending dierential
B := (1 − tn+1)tn+1σnN
where N =
∑n
i=0 t
i
is the so-alled norm operator. One has the ruial identity bB+Bb =
0.
The operators b, t and N an be used to dene a biomplex, alled the yli or Connes-
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Tsygan-biomplex and denoted CC(A):
. . .

. . .

. . .

A
2
b

A
2
1−t
oo
−b ′

A
2
N
oo
b

. . .
1−t
oo
A
1
b

A
1
1−t
oo
−b ′

A
1
N
oo
b

. . .
1−t
oo
A
0
A
0
1−t
oo A
0
N
oo
. . .
1−t
oo
If the yli module omes from a unital algebra, then the odd olumns are ontratible,
and therefore CC()A an be shrinked, leading to an example of
Denition 11. A mixed omplex A is a sequene An,n > 0 of modules together with
antiommuting dierentials in both diretions, i. e. with a map b of degree −1 and a map
B of degree +1 suh that
b2 = B2 = bB+ Bb = 0.
Any yli module gives rise to a mixed omplex.
Let (A,b,B) and (B,b ′,B ′) be mixed omplexes. Then the produt mixed omplex A⊗B
is dened to be the mixed omplex (Tot A⊗ B, 1⊗ b ′ + b ′ ⊗ 1, 1 ⊗ B ′ + B ′ ⊗ 1).
A ⊗ B is an example of a mixed omplex that is not neessarily assoiated to a yli
module sine there is no yli operator on An ⊗ Bm if n 6=m.
Now there is a anonial funtor assoiating to a yli module A a biomplex B(A),
alled the B − b-biomplex of A, having the Hohshild omplex as the olumns and the
B-omplex as rows:
. . .

. . .

. . .

A
2
b

A
1
b

B
oo A
0
B
oo
A
1
b

A
0
B
oo
A
0
The fat that the B − b-biomplex arises by eliminating the ontratible subomplex of
the yli biomplex leads to the statement that there is a quasi-isomorphism
Tot B(A)→ Tot CC(A).
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The homology of these omplexes is alled the yli homology of the yli module resp.
mixed omplex.
Any unital omplex algebra gives rise to a yli module in a anonial way. This denes
Hohshild and yli homology of algebras.
There are the following two arhetypal examples.
Examples 12.
1. Let V be a omplex nonsingular ane algebrai variety. Then the Hohshild ho-
mology of O[V ] is the omplex of algebrai dierential forms on V . The dierential
B, antiommuting with b, desends on Hohshild homology and indues the Cartan
dierential d on the omplex of dierential forms. So it follows from an inspetion
of the spetral sequene assoiated to the B − b-biomplex that the periodi yli
homology of O[V ] is the (algebrai) de-Rham ohomology of V .
2. Let now Γ be a disrete group, and onsider the algebra CΓ . There is a natural notion
of diret sum of yli modules, and the yli module of CΓ splits naturally as a
diret sum . It is indexed by the onjugay lasses of Γ : Z(CΓ)<z> is the submodule
generated by those (γ
0
, . . . ,γn) suh that the produt γ0 . . .γn is onjugate to z.
The summand of < 1 > is alled the homogeneous part.
The funtor free module from sets to modules gives rise to a funtor from simpliial
sets to simpliial modules. We are now going to look at the simpliial set underlying the
yli module given by the homogeneous part of Z(CΓ). The onstrution is a beautiful
reformulation and generalization of the proess of manufaturing from a given disrete
group a ell omplex with the given group as fundamental group.
There is a funtor from the ategory of small ategories (i. e. the ategories suh that the
olletion of objets is a set in the set-theoreti sense) to the ategory of simpliial sets,
alled the nerve of the ategory and dened as follows. The set of 0-dimensional simplies
is the set of objets. The set of 1-dimensional simplies is the set of morphisms. The set
of n-simplies is the set of n-fold ompositions h
0
◦ · · · ◦ hn−1 of omposable morphisms
hi in a ategory C. The faes of h0 ◦ · · · ◦ hn−1 are h1 ◦ · · · ◦ hn−1, h0 ◦ · · · ◦ hn−2 and
h
1
◦ · · · ◦ hi−2 ◦ (hi−1 ◦ hi) ◦ hi+1 ◦ · · · ◦ hn for i = 1, . . . ,n − 1. The degeneraies of
h
0
◦ · · · ◦ hn−1 are 1
target h
0
◦ h
0
◦ · · · ◦ hn−1 through h0 ◦ · · · ◦ hn−1 ◦ 1
soure hn−1 . The
denition an be restated in a more elegant way as follows. Let C be the ategory of small
ategories. There is a funtor i : ∆→ C, and the funtor Nerve from C to the ategory of
simpliial sets is given by dualizing the omposition
∆op × C i×1−−→ Cop × C Hom−−−→ Sets.
Denote the nerve of the ategory Γ , viewed as a ategory with one objet and the group
elements as morphisms, by B.Γ . Thus, B.Γ0 is a point, and the set of n-simplies is the
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set of n-element ordered sets (γ
0
, . . . ,γn−1) of arbitrary group elements. Now there is the
beautiful and easily veried fat that B.Γ is isomorphi to the simpliial set underlying
the simpliial module underlying the yli module given by the homogeneous part of the
yli module assoiated to the algebra CΓ . In fat, the bijetion
(γ
0
, . . . ,γn−1) 7→ (γ−1n−1 . . .γ−10 ,γ0, . . . ,γn−1)
is ompatible with the fae and degeneray maps in suh a way that deleting the rst
entry orresponds to multiplying the rst with the seond and so on. This fat already
determines the homogeneous Hohshild and yli homology of CΓ . Namely, onsider the
funtor geometri realization from simpliial sets to (ompatly generated Hausdor)
topologial spaes. Then it belongs to the oherene of the denitions that the singular
homology of the geometri realization of a simpliial set is its simpliial homology, in other
words the Hohshild homology of the free simpliial module on the simpliial set. Denote
the (homotopy type of) the geometri realization of B.Γ by BΓ . Thus, the homogeneous
Hohshild homology HH∗(CΓ)<1> of CΓ is equal to the singular homology H∗(BΓ ;C) of
the geometri realization of the simpliial spae given by the nerve of the ategory Γ . A
possible denition of group homology of Γ with oeients in the onstant Γ -module C
is H∗(BG;C). It is not diult to show that, more generally, the Hohshild homology is
group homology with oeients in the adjoint representation CΓ → EndC(CΓ) dened by
γ 7→ (γ ′ 7→ γγ ′γ−1). (Group homology with non-trivial oeients may also be dened
topologially using oeients in loally onstant sheaves.) CΓ ontains the onstant sub-
module C orresponding to the neutral element. The homogeneous part of the Hohshild
homology of CΓ is then the subspae orresponding to this submodule.
Just as Hohshild homology of a simpliial set is the singular homology of its geometri
realization, the yli homology of a yli set an be read o from its geometri realization
given the additional data of an S1-ation that is dened on it, e. g., by [37℄, setion 7.1,
based on the ation of the nite yli group on the n-simplies. One an show that the
singular S1-equivariant homology of the geometri realization of a yli set, i. e. of its un-
derlying simpliial set together with the S1-ation, is the yli homology of the free yli
module on the yli set. S1-equivariant homology of an S1-spae X means the ordinary
homology of the homotopy quotient ES1 ×S1 X. This fat determines the homogeneous
yli homology HC∗(CΓ)<1> of CΓ . Namely, the obtained ation of S1 on BΓ is then triv-
ial, and thus HC∗(CΓ)<1> = H∗(BΓ × BS1) = H∗(BΓ)⊗ H∗(BS1) = H∗(BΓ)⊗ H∗(CP∞) =
H∗(BΓ)⊗ C[[σ]] where C[[σ]] is the algebra of formal power series in the indeterminate X.
σ orresponds to the periodiity S-operator.
However, there is a another means of omputing HC(CΓ)<1> whih ts muh better with
the generalization to rossed produts. In fat, strething the topologial image even
further, there is another anonial simpliial spae assoiated to Γ , namely the universal
overing simpliial spae, denoted E.Γ . It is the nerve of the ategory whih has the ele-
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ments of Γ as objets and exatly one morphism for any ordered pair of objets. So E.Γ
has as n-simplies ordered n-tuples (γ
0
, . . . ,γn) of group elements, with struture maps
given by
di(γ0, . . . ,γn) = (γ0, . . . , γ̂i, . . . ,γn)
si(γ0, . . . ,γn) = (γ0, . . . ,γi, 1,γi+1, . . . ,γn)
The notations E.Γ and B.Γ are now justied by the following lues. First, EΓ , the geo-
metri realization is ontratible beause E.Γ has an initial objet. Seond, the formula
(γ
0
, . . . ,γn)γ = (γ
−1γ
0
, . . . ,γ−1γn) denes a simpliial right ation, i. e. a right ation
ompatible with all struture maps, of Γ on E.Γ and thus also on EΓ . The group Γ ats
freely on E.Γ , and therefore so does it on EΓ . Furthermore, any free simpliial ation on
geometrial realizations is proper. So the name E.Γ makes sense. Third, the quotient E.Γ/Γ
of the ation of Γ on E.Γ is isomorphi by the map
(γ
0
, . . . ,γn) 7→ (γ−1n γ0,γ−1o γ1, . . . ,γ−1n−1γn)
to the simpliial set underlying Z(CΓ)<1>, the homogeneous part of the yli module
assoiated to the algebra CΓ having as n-simplies expressions (γ
0
, . . . ,γn) suh that
the produt equals 1. The latter simpliial set in turn is isomorphi to B.Γ , as we have
heked. The name B.Γ is therefore also justied beause geometri realization ommutes
with taking quotients.
The Hohshild omplex (C[E.Γ ],b) assoiated to the simpliial module E.Γ plays quite a
entral rle in what follows. It is dened by
C[E.Γ ]n = (CΓ)
⊗n+1
,n > 0
d(γ
0
, . . . ,γn) =
n∑
j=0
(−1)j(γ
0
, . . . , γ̂i, . . . ,γn).
We already know that its homology is that of a point, and in fat the formula δ(γ
0
, . . . ,γn) =
(γ
0
, . . . ,γn, 1) denes a ontrating homotopy. As is E.Γ , the omplex C[E.Γ ] is equipped
with a Γ -right ation, and the important feature is that this ation is free. The map
ǫ : C[E.Γ ] → C,∑aγγ 7→ ∑aγ denes a free resolution in the ategory of CΓ -modules
of the onstant module C. This resolution is alled in the literature the bar resolution
(beause this meaningless word is familiar in similar ontexts) and denoted Cbar• Γ . By
the denition of group homology proper, the omplex C[E.Γ ] ⊗CΓ C of Γ -oinvariants of
C[E.Γ ] omputes group homology H∗(Γ ;C). We have again omputed the homogeneous
Hohshild homology of CΓ beause taking the hain omplex of a simpliial module om-
mutes with taking quotients in the indiated sense.
Now the omputation of the homogeneous yli homology of CΓ that needs to take into a
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aount that we are dealing with yli, not merely simpliial sets, is hardly more ompli-
ated, if the notion of hyperhomology from homologial algebra is used. In order to inves-
tigate B(Z(CΓ)<1>), it is onvenient to replae it by the Γ -equivariantly quasi-isomorphi
Connes-Tsygan-biomplex CC(Z(CΓ)<1>), see [37℄. By denition, CC(Z) for a yli mod-
ule Z is dened as the periodi biomplex
(Z,b)
1−t←−− (Z,−b ′) N←− (Z,b) 1−t←−− . . . ,
where (Z,b) is the Hohshild omplex with b =
∑n
i=0(−1)
idi, (Z,−b
′) is the omplex
with same entries but b ′ =
∑n−1
j=0 (−1)
jdj, and 1− t and N are the maps we have already
introdued. (Z,b ′) is ontratible for Z = Z(A) of a unital algebra A. So CC(Z(CΓ)<1>) is
Γ -equivariantly quasi-isomorphi to the Γ -onstant periodi omplex in the rst quadrant
with 0 in all rows exept the lowest, and
C←− 0←− C←− . . .
in the lowest. In other words, the biomplex CC(Z(CΓ)<1>) is a resolution of the lat-
ter omplex. Furthermore, CC(Z(CΓ)<1>) = CC(B.Γ) = CC(E.Γ/Γ) = CC(E.Γ)⊗CΓ , and
Tot CC(Z(CΓ)<1>) = CC(E.Γ)⊗CΓ C omputes by denition the group hyperhomology
H(Γ ;C← 0 . . . ) = H∗(Γ ;C)⊕ H∗−2(Γ ;C)⊕ . . . .
(Of ourse, here one an read o the homology of the quotient diretly from the quasi-
isomorphism.) So HC∗(CΓ)<1> ∼=
⊕∞
j=0H∗−2j(Γ ;C). Dually, HC
∗(CΓ)<1> ∼= Π∞j=0H∗−2j(Γ ;C).
In view of the Baum-Connes-onjeture, this is what we would have expeted (maybe up
to the fat that this is already exhausted by the homogeneous part).
We will now arry out the whole disussion, following Nistor, in detail for the more general
ase of rossed produts A ⋊ Γ . The only new feature is that we need to make use of the
simpliial Eilenberg-Zilber theorem.
3.1.2 Crossed Produts
Let A be a omplex algebra with unit together with a Γ -ation.
The yli vetor spae (it has beome natural to say just yli module) Z(A⋊Γ) of the
algebrai rossed produt has underlying vetor spae
(A⋊Γ)⊗(n+1) = A⊗(n+1) ⊗ (CΓ)⊗(n+1) = A⊗(n+1) ⊗ C[Γ×(n+1)].
Let < z > be a onjugay lass of Γ . Following Nistor, we denote by L(A, Γ , z) the subspae
of the yli module Z(A⋊Γ) of the rossed produt that is generated by those (a
0
⊗
· · · ⊗ an ⊗ γ0 · · · ⊗ γn) suh that the produt γ0γ1 . . .γn is onjugate to z. Sine the
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onjugay lass of a produt is invariant under yli permutations, the maps di, si all
preserve L(A, Γ , z), and so there is a natural diret sum deomposition on the level of
yli modules
Z(A⋊Γ) ∼=
⊕
<z>∈<Γ>
L(A, Γ , z),
where the sum is over the onjugay lasses of Γ . The summand orresponding to the
neutral element is alled the homogeneous part, the omplement is alled the inhomo-
geneous one. (This deomposition is in analogy with the splitting of the group ring of a
nite group into parts orresponding to the onjugay lasses, desribed by Wedderburn
theory). As a onsequene, the yli homology and ohomology split naturally over the
onjugay lasses as well, and both parts beome orthogonal with respet to the pairing.
We are only interested in a topologial desription of the homogeneous part, sine the lass
of the trae τ on CΓ is onentrated in the homogeneous part.
3.1.3 The Algebrai Case
In order to separate the algebra from the analysis as far as possible, let us rst treat a
simplied ase, namely that of algebrai yli homology assoiated to ane algebrai
varieties. In that ase, there need neither be taken projetive tensor produts for the
denition of the yli modules, nor need the funtionals be ontinuous in any sense for
the ohomology. So we work in a purely algebrai ontext.
Denition 13. The group hyperhomology H(Γ ,A•) of a disrete group Γ with oeients in
a omplex A• of CΓ -modules is dened as the hypertor funtor TorCΓ∗ (C,A•). The group
hyperohomology with oeients in a CΓ -ohain omplex B• is dened as the hyperext
funtor Ext∗
CΓ (C,B
•).
In the following theorem, Ω•V resp. Ω•V means the omplex of algebrai dierential
forms resp. its dual, the omplex of algebrai de-Rham urrents on a omplex nonsingular
ane algebrai variety V . Normally, Ω•V is a ohain omplex in the sense that its
dierential has degree +1. However, here it has to be transformed into a hain omplex by
rst viewing it as a Z/2Z-graded omplex ΩevV ⇆ ΩoddV and then interpreting the latter
as a periodi hain omplex, where Ωev sits in even degree. A similar remark applies to
the dual omplex.
Theorem 14. Let V be a omplex nonsingular ane algebrai variety, O[V ] its oordi-
nate ring, and Γ be a disrete group ating on V by dieomorphisms.
1. The homogeneous part of the algebrai periodi yli homology
HP∗
(
O[V ]⋊Γ
)
<1>
, ∗ = 0, 1
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of the rossed produt of the oordinate ring of V by Γ is naturally isomorphi
(in both V and Γ) to
H∗(Γ ; ΩevV ⇆ ΩoddV),
the group hyperhomology of Γ with oeients in the omplex of dierential
forms on V.
2. The homogeneous part of the yli ohomology of the rossed produt is the
group hyperohomology with oeients in the de-Rham urrents
HP
∗(O[V ]⋊Γ)
<1>
∼= H∗(Γ ; (ΩevV ⇆ ΩoddV)∗).
In order to identify these hyperhomologies topologially, i. e. to nd spaes whose
homologies they are in a suitable funtorial way, Γ and V should enter with equal fun-
toriality. Later on, it will therefore be neessary to take Poinaré duality into aount.
However, it will be neessary to rst work out the analytial analogue of the theorem.
We shall need some denitions to formulate the proof.
Proof. 1. Let Ψ denote L(A, Γ , 1), the homogeneous part of the yli module as dened
above.
Let Ψ˜ be the overing spae of Ψ denoted L˜(A, Γ , 1) in [40℄, Ψ˜n = (A⋊Γ)⊗(n+1). Ψ˜
is made a yli module by virtue of the following denitions:
di(a0, . . . ,an,γ0, . . . ,γn) =(a0, . . . ,aiai+1, . . . ,an,γ0, . . . , γ̂i, . . . ,γn)
for 0 6 i 6 n− 1
dn(a0, . . . ,an,γ0, . . . ,γn) =(ana0,a1, . . . ,an−1,γ0, . . . ,γn−1)
σi(a0, . . . ,an,γ0, . . . ,γn) =(a0, . . . ,ai, 1,ai+1, . . . ,an,
γ
0
, . . . ,γi,γi,γi+1, . . . ,γn)
for 0 6 i 6 n
t(a
0
, . . . ,an,γ0, . . . ,γn) =(−1)
n(an,a1, . . . ,an−1,γn, . . . ,γn−1).
Ψ˜ possesses a right Γ -ation through yli module maps
(a
0
, . . . ,an,γ0, . . . ,γn)γ = (γ
−1
.a
0
, . . . ,γ−1.an,γ
−1γ
0
, . . . ,γ−1γn).
One readily heks that the quotient Ψ˜/Γ identies with Ψ = L(A, Γ , 1) by the Γ -
invariant map
p : Ψ˜→ Ψ : (a
0
, . . . ,an,γ0, . . . ,γn) 7→
(γ−1n .a0,γ
−1
0
.a
1
, . . . ,γ−1n−1.an,γ
−1
n γ0,γ
−1
0
γ
1
, . . . ,γ−1n−1γn).
32 3.1.3 The Algebrai Case
Let
(
Z(A),bA,BA
)
denote the mixed omplex assoiated to A (onsisting of alge-
brai, not projetive tensor produts), and let
(
C[E.Γ ],b,B
)
denote the mixed om-
plex assoiated to the yli module C[E.Γ ]. Here, E.Γ is the nerve of the ategory
with objets the group elements as explained above.
(
C[E.Γ ],b
)
is the ontratible
bar resolution of Γ , and E.Γ/Γ = B.Γ , the lassifying spae of the ategory Γ .
Then the yli module Ψ˜ is the produt (in the sense of [37℄) of yli modules
Z(A)× C[E.Γ ], i. e.
Ψ˜k = Zk(A)⊗ C[E.Γ ]k = A⊗(k+1) ⊗ (CΓ)⊗(k+1)
with yli struture dened by
di = d
A
i ⊗ dBari , sj = sAj ⊗ sBarj , tn = (−1)ntAn ⊗ tBarn .
All tensor produts are algebrai.
Let us rst ompute the ordinary yli homology and then show that S stabilizes
for large n.
HCn
(
A⋊Γ
)
<1>
= HCn
(
Ψ
)
= Hn
(
Tot B(Ψ)
)
,
B being, of ourse, the (b,B)-biomplex of a mixed omplex,
= Hn
(
Tot B(Ψ˜/Γ)
)
= Hn
(
Tot B(Ψ˜)/Γ
)
= Hn
(
Tot B(Z(A) ×C[E.Γ ])/Γ)
Tot B(Z(A)×C[E.Γ ]) is a omplex of free CΓ -modules, so by [13℄ the latter group is
anonially isomorphi to group hyperhomology with oeients in this omplex.
= Hn
(
Γ ; Tot B
(
Z(A)× C[E.Γ ]))
We now have to make use of a weakening of the notion of morphism of mixed om-
plexes. Any mixed omplex C has assoiated B − b-biomplex BC and a period-
iity operator S : Tot BC → Tot BC[2] given by dividing by the subomplex of
the rst line. An S-operator of two mixed omplexes is a morphism of omplexes
Tot BC→ Tot BC ′ that ommutes with S ([37℄, 2.5.14). Now there is an Eilenberg-
Zilber theorem for yli homology (see [37℄, 4.3.8), whih states that there is a
shue map
Tot B(A⊗ B)→ Tot B(A× B)
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whih provides an S-morphism between the ×-produt and the algebrai tensor prod-
ut of two mixed omplexes. This S-morphism restrits to the shue map on the
Hohshild omplex, where it indues an isomorphism with inverse the Alexander-
Whitney-map, see [49℄, page 277, and [37℄, 4.3.8. So this S-morphism indues an
isomorphism on Hohshild homology. By a standard indutive argument involving
the SBI-sequene, it indues also an isomorphism on the homology of the B-omplex.
This S-morphism is a Γ -equivariant quasi-isomorphism, so (by [49℄, 5.7.7/2) it indues
also an isomorphism on group hyperhomology,
Hn
(
Γ ; Tot B
(
Z(A)⊗ C[E.Γ ])) ∼=−→ Hn(Γ ; Tot B(Z(A)× C[E.Γ ])).
Now there is the slant produt \ǫ (alled ap produt in [40℄) with the generator
ǫ : CΓ → C,
∑
aγγ 7→
∑
aγ
of H∗(Hom(C[E.Γ ],C)) (the augmentation of the bar resolution):
\ǫ : Tot Z(A)⊗ C[E.Γ ]→ Z(A),
\ǫ
(
(a
0
, . . . ,ap)⊗ (γ0, . . . ,γq)
)
= 0 if q > 1
\ǫ
(
(a
0
, . . . ,ap)⊗ γ0
)
= (a
0
, . . . ,an),
whih again is a Γ−equivariant quasi-isomorphism. So again by the SBI-se-quene it
is also a quasi-isomorphism on the B-biomplex, and therefore also an isomorphism
on hyperhomology:
Hn
(
Γ ; Tot B
(
Z(A)⊗ C[E.Γ ])) = Hn(Γ ; Tot B(Z(A))) = Hn(Γ ; Tot B(A)).
So the (homogeneous part) of the yli homology of the rossed produt is simply
the group hyperohomology with oeients in the B− b- or yli biomplex of A.
Note that it would be wrong to state an isomorphism of HC∗(Γ⋉A) with the ex-
pression H∗(Γ ; HC•(A)) although HC•(A) is, with the help of the axiom of hoie,
algebraially quasi-isomorphi to Tot B(A). The reason is that the ation of Γ on
HC•(A) may be trivial without the yli homology of the rossed produt being
trivial. The problem is that this quasi-isomorphism is not Γ -equivariant. In fat, one
an obtain a ounterexample whenever the hyperhomology spetral sequene does
not degenerate at the E
2
-term. For instane, take for Γ the fundamental group of the
Riemannian surfae of genus 2 ating on the boundary S1 of the universal over, as
desribed in the K-theory part (see also 21).
Now let us onsider HP rather than HC. Let us assume that the S-operator stabilizes
for the algebra A. This means that there is an integer n suh that for all m > n the
operator S : HCm(A) → HCm−2(A) is an isomorphism, or equivalently that A is of
34 3.1.3 The Algebrai Case
nite Hohshild dimension. This assumption will hold in all our appliations. The
S operator Tot B(A)→ Tot B(A)[2] is Γ -equivariant and indues therefore an oper-
ator Hn(Γ ;B(A)) → Hn(Γ ;B(A)[2]). One heks that all operations we performed
on the biomplex B(Ψ) ommute with S. As a onsequene, the operator between
the group hyperhomology indued by the S-operator in the oeients orresponds
to the S-operator on yli homology under the isomorphism we have established.
So the S-operator stabilizes also for the homogeneous part of the algebra Γ⋉A. It
follows that we obtain the homogeneous periodi yli homology as
HP∗(Γ⋉A)<1> ∼= H∗(Γ ; TotΠ CPZ(A)),
the group hyperhomology with oeients in the ompleted periodi yli omplex.
Tot
Π
means the produt total omplex of an unbounded biomplex, and CP means
the periodi biomplex, whih is the omplex CC ontinued innitely to the left. In
the denition of hyperhomology some are has to be taken: Tot
Π
is an unbounded
omplex itself, and its resolution is supported in the rst and seond omplex. We
dene the hyperhomology now using the diret sum total omplex of the resolution.
However, the latter diulty readily disappears when we ome to onsider the algebra
A = O[V ]. Let us ompute the periodi homology in this ase again, without using
the S-operator.
Let D•(V) be the biomplex of trunated de-Rham omplexes of V :
. . .

. . .

. . .

. . .
Ω2V
0

Ω1V
d
oo
0

Ω0V
d
oo
Ω1V
0

Ω0V
d
oo
Ω0V
Note that D• is a hain omplex instead of a ohain omplex.
Now let A be the smooth ommutative algebra O[V ]. There is a Γ−equivariant quasi-
isomorphism B
(
Z(O[V ])
)
∼= D•(V) beause we're in the algebrai framework on an
ane algebrai variety. This quasi-isomorphism passes to the ompleted periodi
biomplex of A to a quasi-isomorphism with a ompleted periodi de-Rham biom-
plex. But ΩnV = 0 for n > dimV , so the ompletion proess does nothing, and we
are left with the periodi omplex or biomplex ΩevV ⇆ ΩoddV . This proves the
assertion that
HP∗
(
O[V ]⋊Γ
)
<1>
∼= H∗(Γ ; ΩevV ⇆ ΩoddV).
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This is dened for ∗ ∈ Z but it is Z/2Z-periodi.
We have reahed a point where a ertain onfusion that will later on tend to arise
takes its origin: The omplex ΩevV ⇆ ΩoddV has to be understood as a hain
omplex, even though it is normal and will be neessary to view it as a ohain
omplex.
2. For the omputation of the yli and periodi yli ohomology, we ould in the
algebrai framework simply refer to the universal oeient theorem, whih states
that the ohomology vetor spaes are but the algebrai duals of the homology vetor
spaes. Nevertheless, we shall arry out an expliit omputation, beause later on
there will be no suh theorem for the theory that takes into aount topologies on
the rossed produts.
HC
n
(
O[V ]⋊Γ
)
=Hn
(
Tot Hom(B(Ψ),C)
)
=Hn
(
Tot Hom(B(Ψ˜)/Γ ,C)
)
=Hn
(
Tot HomCΓ (B(Ψ˜),C)
)
=Hn
(
(Tot Hom(B(Ψ˜),C))Γ
)
=Hn
(
Γ ; Tot Hom(B(Ψ˜),C)
)
,
where Γ ats on a morphism as γ.f = γ.f(γ−1.−). The transpose of a Γ -equivariant
quasi-isomorphism is also a Γ -equivariant quasi-isomorphism. We may therefore ap-
ply exatly the same steps as in the omputation of the homology, replaing group
hyperhomology with hyperohomology and the de-Rham omplex with its (algebrai)
dual. This yields
HP
∗(Γ⋉A)<1> ∼= H∗(Γ ; Tot⊕Hom(CPZ(A);C)),
if the S-operator stabilizes for A, and in the ase of A = O[V ] we obtain
HP
∗(O[V ]⋊Γ)
<1>
∼= H∗
(
Γ ; (Ω
ev
⇆ Ω
odd
V)
)
.
Corollary 15. (of the proof.) There are spetral sequenes omputing the (graded piees
of) yli homology in high degree:
E2pq = Hp
(
Γ ; HCq(A)
)
=⇒ Grp HCp+q
(
A⋊Γ
)
<1>
,
and ohomology
E
pq
2
= Hp
(
Γ ; HCq(A)
)
=⇒ Grp HCp+q
(
Γ⋊A
)
<1>
.
There is a anonial hoie for them, and these hoies oinide with the spetral
sequenes in [40, theorem 2.6℄.
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Proof. These are the hyperhomology spetral sequenes for
Hp+q(Γ ; Tot B(A))
resp.
Hp+q(Γ ; Tot Hom(B(A);C)).
They oinide with Nistor's sine ours as well as his are the spetral sequenes assoiated
to the biomplex C[E.Γ ]⊗CΓ Tot B(A) resp. its dual.
3.1.4 Bornologial Algebras
We now want to replae the variety V with a smooth ompat manifold, and the algebra
O[V ] with the loally onvex C∞(V). If we tried to alulate the algebrai yli homol-
ogy or ohomology of the rossed produt Γ⋉C∞(V), we would have the same problem
as the one appearing in the fat that the algebrai periodi yli homology of C∞(V) is
not equal to V 's de Rham-ohomology. But when we onsider in the omplex that de-
nes HP
∗(V) only those funtionals (C∞(V))⊗n → C whih are ontinuous with respet
to the topology on (C∞(V))⊗n given as a subspae of (C∞(V))⊗̂n = C∞(V×n), we ob-
tain a similar yli omplex whose homology is ommonly also alled yli homology
(this theory is not to be onfused with analyti yli homology), and whih does satisfy
HP∗(C∞(V)) ∼= ⊕iHi
dR
(V). The algebrai periodi yli ohomology would be muh too
large. Analogously, one might hope for a reasonable loally onvex topology on the rossed
produt Γ⋉C∞(V), whih would, then, have to be ompleted. However, this is not imme-
diate, at least if one wants to avoid to use a word metri on Γ . It turns out that it is a
far better idea to equip Γ⋉C∞(V) with a bornology instead of a topology. A bornology is
a olletion of subsets, alled small sets, that forms a overing and whih is stable with
respet to nite unions, ontainment and the algebrai operations. These axioms are sat-
ised by the olletion of bounded subsets of a loally onvex topologial vetor spae, or
by the system of relatively ompat sets, or the system of equiontinuous sets, et. See
[23℄ and [38℄ for good introdutions to bornologial algebras, as well as [32℄ for a thorough
introdution. A bounded map between bornologial vetor spaes is a linear maps whih
maps small sets into small sets. Thus there is the ategory of bornologial vetor spaes.
A bornologial vetor spae is said to be omplete if eah small set is ontained in an-
other small set whih is the unit ball of a Banah norm on its linear hull. A bilinear map
A×B→ C from the produt of two bornologial spaes A and B to a bornologial spae C
is alled bounded if it maps sets of the form X×Y to small sets, where X is small in A and
Y is small in B. A bornologial algebra is a omplete bornologial vetor spae whih at
the same time is an algebra suh that the multipliation A×A→ A is a bounded bilinear
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map. We have thus dened the ategory of omplete bornologial algebras,and this is the
ategory we will work with for the rest of this thesis.
There is the notion of ompleted bornologial tensor produt on the ategory of omplete
bornologial algebras ([38, 2.2.3℄). It has the remarkable property that it redues to the
algebrai tensor produt when one of the algebras has the ne bornology, and that it
redues to the projetive tensor produt ⊗̂ of Fréhet algebras, when both algebras are
Fréhet algebras endowed with the preompat bornology ([38, theorem 2.29℄).
In the following, we shall denote by ⊗
alg
the algebrai tensor produt, whih is also the
omplete bornologial one when one of the two algebras has the ne bornology.
We will make use of two yli theories on the ategory of omplete bornologial algebras.
The rst one is ordinary yli homology assoiated to bornologial algebras, the seond
one is analyti yli homology, as developped in the body of [38℄. In this hapter, we
only use the former. Cyli ohomology is dened simply as the homology of the subom-
plex of the ordinary yli or periodi yli oomplex onsisting of bounded funtionals.
Cyli homology is dened as the homology of the yli omplex where we use ompleted
bornologial tensor produts A⊗̂n instead of algebrai ones A⊗algn. A similar denition is
made for Hohshild homology and ohomology. In the appendix of [38℄ an be found a
proof of the SBI-sequene in this framework.
The ategory of omplete bornologial vetor spaes has the advantage that even alge-
bras without any additional struture are ontained as a full subategory. In fat, any
algebra is a omplete bornologial algebra if all subsets ontained in a bounded subset
of a nite-dimensional subspae are taken as small sets. This bornology is alled the ne
bornology. This bornology is omplete beause any nite dimensional normed vetor spae
is a Banah spae. Furthermore, the ategory of Fréhet algebras is also ontained as a full
subalgebra beause the olletion of all preompat sets of a Frehet algebra an be taken
as the olletion of small sets.
Let V be a smooth manifold, not neessarily ompat or orientable, and Γ be a dis-
rete group ating on V by dieomorphisms. Endow the rossed produt algebra with
a bornology by dereeing that sets that orrespond under the vetor spae isomorphism
Γ⋉A ∼= CΓ ⊗
alg
A with the omplete bornologial tensor produt of the ne algebra CΓ
with the Frehet algebra C∞

(V) endowed with the preompat bornology (whih, here, is
the same as the bounded bornology) to small sets.
Another way of dening the bornology on the rossed produt would be to view Γ × V as
a smooth groupoid Γ ⋉ V . The onvolution produt on Γ⋉C∞

(V) = C∞

(Γ ⋉ V) is then
separately ontinuous, so it is a omplete bornologial algebra when endowed with the
preompat (whih, here, is equal to the bounded) bornology (see [38, 4.4℄). The onvo-
lution algebra is an example of an LF-algebra, see [38, example 2.7℄ for a denition and
explanation of the notion of LF-agebra.
Let now Ω•V resp. Ω•V stand for the omplexied C∞-de Rham omplex on V resp. its
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ontinuous omplex valued dual.
Theorem 16. There are isomorphisms whih are natural in Γ and V for the homoge-
neous parts of periodi yli homology and ohomology
HP∗
(
C∞(V)⋊Γ)
<1>
∼= H∗(Γ ; (ΩevV ⇆ ΩoddV)), ∗ = 0, 1
HP
∗(C∞(V)⋊Γ)
<1>
∼= H∗(Γ ; (Ω
ev
V ⇆ Ω
odd
V)), ∗ = 0, 1.
Proof. It is advantageous to follow the lines of the proof in the preeding setion in the
following way. All manipulations that led there to the result HC∗(Γ⋉A) ∼= H∗(Γ ; HC•(A))
ame from expliit manipulations of the omplexes alulating these groups. Therefore
the proof will remain valid if we keep trak of the dierenes between the omplexes used
in the preeding setion and the ones used in this setion. This means that we shall not
dene bornologial yli modules, but work diretly with the assoiated omplexes.
Consider the typial entry (Γ⋉C∞

(V))⊗̂n+1 in the yli bimplex of the algebra
Γ⋉C∞

(V) as dened above. We have by denition
(Γ⋉C∞

(V))⊗̂(n+1) = (CΓ ⊗ C∞

(V))⊗̂(n+1)
as a bornologial vetor spae. Here the ordinary tensor produt sign is at the same time
the algebrai and the ompleted bornologial tensor produt, beause CΓ is endowed with
the ne bornology. Look at the ase n = 1, the higher ones following in the same way. By
the assoiativity (whih, as Meyer points out, is not trivially true) and ommutativity of
the ompleted bornologial tensor produt, we have
(C∞(V)⋊CΓ)⊗̂2 = (C∞(V)⊗ CΓ) ⊗̂ (C∞(V)⊗ CΓ)
= (C∞(V) ⊗̂ C∞(V))⊗ CΓ ⊗ CΓ
= C∞(V × V)⊗ (CΓ)⊗2.
Now we see that all hanges that have to be performed on the omplexes, are that all
tensor produts between fators C∞

(V) are projetive tensor produts. All other tensor
produts remain algebrai.
This applies to the yli modules Ln(A, Γ , z), and the deomposition into homogeneous
and inhomogeneous part remains valid in a ompletely analogous way. So we also obtain
a omplex that omputes group hyperhomology. In this ontext, we also dispose of the
Eilenberg-Zilber theorem, beause in the proof all tensor produts an be replaed by
bornologial tensor produts. The existene of the SBI-sequene remains valid, see [38, p.
103℄. So all we have to hek is that the shue maps sh and sh ′, whih we have mentioned
earlier and whih are dened preisely in [37, 4.2.8 and 4.3.2℄ are bounded. But this is lear
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from the denitions of these maps, whih are nite linear ombinations of permutations.
So we obtain an isomorphism HC∗(Γ⋉C∞

(V)) ∼= H∗(Γ ;B(C∞

(V))) where B(C∞

(V))) now
is the omplex used in the literature for the yli homology of Fréhet algebras. So the
rst part of the laim is ahieved by the fat that the latter omplex is Γ -equivariantly
quasi-isomorphi to the omplex Ω•V of C∞-de Rham-forms on V .
In the part onerning yli ohomology, we have to take bounded duals everywhere. One
heks therefore the following steps. Sine we want to avoid to dene bornologial yli
modules we work diretly with the bornologial omplexes and their bounded duals.
Let us go through eah of the important steps. The one involving B(Ψ) = B(Ψ˜/Γ) needs no
heking sine we are dealing with an isomorphism of omplexes, both having (CΓ)×(n+1)⊗
A⊗̂(n+1) as entries. In regard of bounded funtionals the hoie of tensor produt is
irrelevant. The same remark applies to the step B(Ψ˜/Γ) = B(Ψ˜)/Γ . On the other hand,
the step whih identies funtionals on the quotient B(Ψ˜)/Γ with Γ -invariant funtionals on
B(Ψ˜) makes use of the trivial fat that omposing a bounded homomorphism A⊗CΓ C→ C
on the right with the (bounded) quotient map A = A⊗C C → A ⊗CΓ C gives a bounded
map, and of the easily heked fat that an invariant bounded funtional A → C fators
via the two bounded maps A→ A⊗CΓ C→ C in our ase. This follows from the fat that
the quotient map A→ A⊗CΓ C has a bounded setion here.
A bounded homomorphism of bornologial vetor spaes or omplexes has a transpose
between the bounded duals, and if the former is a quasi-isomorphism, then so is the latter.
So we end up with the ontinuous dual Ω•V of the de-Rham omplex.
It is more onvenient to deal with the hyper(o)homology with oeients in the de-
Rham omplex or its dual than with the oeients ΩevV ⇆ ΩoddV . So we observe that
the latter omplex splits anonially into an innite diret sum of ohain omplexes,
namely · · · → Ωev → Ωodd → Ωev → . . . ∼= ⊕j(ΩjV)[2j]. We will use this splitting
in the sequel. In the following orollary, we shall mean by H ohomology with arbitrary
supports, as opposed to the one with ompat supports. This remark only applies when
BΓ is non-ompat.
Corollary 17 (Connes's twisted ohomology, [17℄, III.2.δ.). There is a natural isomor-
phism in both Γ and V between the bounded periodi yli ohomology of the rossed
produt C∞(V)⋊Γ and the ohomology of the homotopy quotient EΓ ×Γ V, twisted by
the vetor bundle τ on the homotopy quotient that is indued from the tangent bundle
on V:
HP
n
(
C∞(V)⋊Γ) ∼=⊕
j
H
n+2j
τ (EΓ ×Γ V).
Note that the important feature of the right hand side is that it is the ohomology of
a topologial spae, but possesses the orret funtoriality - ontravariant in Γ , but ovari-
ant in V . This is beause there is Poinaré-Lefshetz duality HnTV(V) = H
n(DV ,SV) ∼=
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H
dimV−n(V) (TV ,DV ,SV being, of ourse the tangent, dis and sphere bundle respetively
of V) that does not require V to be oriented (more preisely, it is duality for the orientable
manifold with boundary DV , whih is always orientable beause the total spae of the
tangent bundle possesses an almost omplex struture). This duality is Γ -equivariant and
gives therefore rise to the ovariant funtoriality in V .
Proof (of the orollary). By [17℄, III.2.δ, Proposition 11, the twisted ohomology is om-
puted by the biomplex C• whose Cpq is the spae of totally antisymmetri equivariant
maps Γp+1 → Ω−qV , in other words by
C• = Hom(Λ•CΓ ,Ω−•V)
with boundary indued by
d(γ
0
, . . . ,γn+1) =
n+1∑
j=0
(−1)jγ
0
∧ · · ·∧ ∨γj ∧ · · ·∧ γn+1
and by the de-Rham dierential. One heks that Λ•CΓ is a free CΓ -resolution of the
onstant module C, beause this is exatly the Koszul omplex assoiated to the vetor
spae CΓ together with the augmentation ǫ : CΓ → C. So we get bak the hyperohomology
of Γ with oeients in Ω•V .
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Equivariant homology
We are now in a position to apply Poinaré duality, thereby establishing an isomorphism
with equivariant de-Rham ohomology. We therefore make the following
Denition 18. Let V be a smooth manifold, not neessarily ompat or orientable, ated
on smoothly by the group Γ .
The equivariant de-Rham homology of V is dened as
H
Γ
∗(V) := H∗(Γ ; ΩevV ⇆ ΩoddV),
the group hyperhomology of Γ with oeients in the omplex of omplex-valued de-Rham
urrents of V .
Similarly, we dene equivariant de-Rham ohomology as
H
∗
Γ (V) := H
∗(Γ ; ΩevV ⇆ ΩoddV),
the group hyperohomology of Γ with oeients in the omplexied de-Rham omplex of
V .
Examples of these groups will be given by identifying them with the ordinary homology
resp. ohomology groups of the homotopy quotient of V by Γ in lemma 20(1).
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Poinaré duality
Next we want to observe that these groups are in fat isomorphi to the hyperhomology
groups we have met by alulating the yli homology. The interesting feature is only the
funtoriality.
Lemma and Denition 19. Suppose V is ompat, and Γ ats by orientation-preserving
dieomorphisms on V. Then there are isomorphisms whih are natural in Γ
H∗(Γ ;ΩevV ⇆ ΩoddV) ∼= HΓ
2Z+∗+dimV(V)
H∗(Γ ;Ω
ev
V ⇆ Ω
odd
V) ∼= H2Z+∗+dimVΓ (V).
These groups are indexed by a Z/2Z-grading.
By denition, the funtoriality in V is by berwise shriek maps, i. e. if f : V → W
is a smooth Γ-equivariant orientation-preserving map of smooth ompat orientable
Γ-manifolds, denote the resulting map H∗Γ (V)→ H∗Γ (W) by f!. So f! is, by denition,
the map whih makes the following diagram ommutative:
H∗(Γ ; Ω
ev
⇆ Ω
odd
V)
f∗

H
2Z+∗+dimV
Γ (V)
∼=oo
f
!

H∗(Γ ; Ω
ev
⇆ Ω
odd
W)
H
2Z+∗+dimW
Γ (W),
∼=oo
The map f
!
is alled the shriek map.
Similar statement and denition an be made for homology.
Proof. One easily heks that the map of omplexes Ω•V → Ω•V , given by
ω 7→
∫
V
−∧ω
is a Γ -equivariant morphism of omplexes, beause Γ preserves the orientation. By Poinaré
duality it indues an isomorphism on homology, so it indues an isomorphism on group
hyperhomology and ohomology.
The Leray-Serre spetral sequene
We now want to exhibit a topologial spae, namely the homotopy quotient (also known
as the Borel onstrution) whose ohomology are the equivariant groups above. In view
of omputability, this is the most useful formulation beause it allows topology to enter
the piture. The spetral sequene we found then beomes the well-known Leray-Serre
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spetral sequene omputing the ohomology of the total spae of a bration from that of
base and ber. The interesting feature about all that is only the shriek funtoriality under
Γ -equivariant dieomorphisms. We want to avoid Poinaré duality in the base BΓ , in other
words we need berwise Poinaré duality for the bration π : EΓ ×Γ V → BΓ . We therefore
make the following digression on the Leray-Serre spetral sequene before stating the fat
on the homotopy quotient.
Let π : E→ B be a bration over B. So there is a ommutative diagram
E
π //
?
??
??
??
B
p∗ 



pt
whih indues a similar diagram on the ategories of sheaves with values in vetor spaes
of the respetive spaes. Reall that the ategory of sheaves over a given spae with values
in an abelian ategory is again an abelian ategory.
Denote by A•E the omplex of sheaves of dierential forms on E. The general theory of
the Grothendiek spetral sequene assoiated to a omposition of funtors implies ([49℄,
setion 5.7) that the ohomology of E is given by the expression
H
∗(E;C) = (Rp∗)(π∗A•E),
where R is the total derived funtor. This is beause there is an isomorphism
(Rp∗)(π∗A•E) = R(p∗π∗)(CE).
The last spae is the ohomology of E beause R(p∗π∗)(CE) = H∗(S(A•E)) = H
∗(Ω•E) =
H
∗(E), where S is the global setions funtor.. The Leray-Serre spetral sequene then is
the spetral sequene omputing this hyperderived funtor.
End of digression.
Lemma 20.
1. There are natural (in both Γ and V) isomorphisms
H
∗
Γ (V)
∼= H∗(EΓ ×Γ V)
H
Γ
∗(V) ∼= H∗(EΓ ×Γ V).
2. The Leray-Serre spetral sequene
E
pq
2
= Hp
(
BΓ , Hq(V ,C)) =⇒ Grp Hp+q(EΓ ×Γ V)
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oinides with the spetral sequene omputing group hyperohomology
E
pq
2
= Hp
(
Γ ; Hq(V)) = Hp
(
BΓ ; Hq(V) =⇒ Grp Hp+q(Γ ; Ω•V)
in suh a way that the representation of Γ on H• V as the monodromy repre-
sentation Γ = π
1
(BΓ) → End(H•(V)), thereby establishing the oeient system
H
•(V).
Proof. 1. In fat, by [49℄, theorem 6.10.10, the group H
p+q((EΓ ×V)/Γ ; C) is equal to
the group hyperohomology Hp+q(Γ ; Hom
Ab
(S∗(EΓ × V),C)), where S∗ is the sin-
gular hain omplex funtor. But Hom
Ab
(S∗(EΓ ×V),C) is by the de-Rham theorem
Γ -equivariantly hain homotopy equivalent to Ω∗(EΓ × V), whih, in turn, is hain
homotopy equivalent to Ω∗V via the map Ω∗V → Ω∗EΓ ×V by the Poinaré lemma.
This map is Γ -equivariant. This proves the statement.
2. The hyperohomology spetral sequene is the one assoiated to the double omplex
(Ω•EΓ ⊗̂Ω•V)Γ (more preisely, the seond one of the two anonial ones), beause
Ω•EΓ is Γ -equivariantly hain homotopy equivalent to an injetive resolution of C in
the ategory of CΓ -modules ([42℄). So it is the spetral sequene assoiated to the
ltered omplex Tot (Ω•EΓ ⊗Ω•V)Γ , faltered by olumns. On the other hand, the
inlusion
Tot (Ω•EΓ ⊗Ω•V)Γ →֒ Tot (Ω•EΓ ⊗̂Ω•V)Γ = Ω•(EΓ ×Γ V)
into the ompleted projetive tensor produt with respet to a natural Frehet topol-
ogy on the dierential forms is a quasi-isomorphism, where the right hand side takes
its ltration from the left hand. The inlusion is a quasi-isomorphism beause it
indues an isomorphism on the E
2
term.
After all, we have dened a ltration on Ω•(EΓ ×Γ V). This ltration is exatly the
Cartan ltration of dierential forms, dened in [14℄, denition 1.6.8. Consequently
(see [14℄, theorem 1.6.10) the assoiated Cartan spetral sequene identies with the
Leray spetral sequene. In our framework, his argument is that A•BΓ ⊗π∗A•EΓ×ΓV is
a soft resolution of the sheaf omplex π∗A•EΓ×ΓV , so
(Rp∗)(π∗A•EΓ×ΓV) = H
∗(p∗(π∗A•EΓ×ΓV ⊗ π∗A•BΓ ))
= H∗(S(π∗A•EΓ×ΓV ⊗A•BΓ )).
Now S(π∗A•EΓ×ΓV ⊗ A•BΓ ) is a double omplex whih gives the Cartan ltration of
dierential forms. The assoiated spetral sequene has E
2
term
E
pq
2
= Hp(BΓ ; Hq(V ; C)) =⇒ Grp Hp+q(EΓ ×Γ V).
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Remark 21. The ation of Γ on the loal oeient system H•(V) does not speify the
spetral sequene. For example, let Γ be the fundamental group of a Riemann surfae of
nite genus, and let V be the boundary of the Poinaré plane. The group Γ ats in an
orientation-preserving way on V , so the monodromy representation of Γ on H∗(V) is trivial,
but EΓ ×Γ V is the unit sphere bundle of the tangent bundle of the Riemann surfae, and
this is not a homologially trivial bundle, as it has non-zero Euler lass. So H
∗(EΓ ×Γ V)
is not produt ohomology.
We now want to make expliit what the aforementioned shriek maps beome under
these isomorphisms.
Remark 22. This proof shows how we an integrate the shriek map into the abstrat
Leray-Serre piture. Namely, one an show that there is dened a morphism
π∗A•EΓ×ΓV → π∗A•−k+lEΓ×ΓW
of omplexes of sheaves on BΓ by the map
S(π∗A•EΓ×ΓV ⊗ABΓ ) = (Ω•EΓ ⊗̂Ω•V)Γ
→ Ω•EΓ ⊗̂Ω•−k+lW)Γ = S(π∗A•−k+lEΓ×ΓW ⊗A
•
BΓ )
not only on the level of the global setions but on the level of the sheaves themselves.
We now disuss the funtoriality of the ohomology of the homotopy quotients indued
by the the map V → pt of the oeient manifold in more down-to-earth-language.
Denition 23. The map on dierential forms
Ω•(EΓ ×Γ V) = Tot (Ω•EΓ ⊗̂Ω•V)Γ → Tot (Ω•−kEΓ)Γ = Ω•−kBΓ
is alled integration along the ber and denoted π
!
.
Lemma 24.
1. The map π
!
ommutes with d, so π
!
indues a map
H
p+k(EΓ ×Γ V)→ Hp(B).
on ohomology.
2. This map satises ∫
B
τ∧ π
!
ω =
∫
E
π∗τ∧ω
for any dierential forms ω ∈ Ω|ω|EΓ ×Γ V , τ ∈ Ω|ω|+dimV−dimBΓBΓ .
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3. The indued map on ohomology omes from the map
Epk
2
= Hp(BΓ , Hk(V))→ Hp(BΓ , C),
indued by the (equivariant) integration H
p(V)→ C on the E
2
-term of the Leray-
Serre spetral sequene.
The map H
p+k(EΓ ×Γ V) → Hp(B) is also alled integration along the ber. The
equality in the seond statement is known from the integration along the ber-map in the
theory of smooth vetor bundles ([12℄).
Proof. 1. The ommutativity of the diagram
(ΩpEΓ ⊗̂ΩkV)Γ
1⊗∫

d // (Ωp+1EΓ ⊗̂ΩkV)Γ
1⊗∫

(ΩpEΓ)Γ
d // (Ωp+1EΓ)Γ
is immediate (and is, in our ontext nothing but a speial ase of the fat we already
used that morphisms of oeient omplexes indue morphisms on hyperohomology
omplexes).
2. Let (χi) be a partition of unity on BΓ subordinate to an open over that trivializes
the bundle EΓ×Γ V → BΓ . It sues to onsider only nitely many funtions beause
the support of ω is ompat, i. e. it sues that π−1 of the support of the (χi)
omprises the support of ω. Then by the linearity of the equation in question it
sues to show it for χiτ, i. e. in the ase of a trivial bration X × V → X, where
X is smooth and ompat. Let π
2
denote the projetion X × V → V . Approximate
ω ∈ Ω•(X×V) = Ω•X ⊗̂Ω•V by a series ∑π∗ωjv ∧ π∗
2
ω
j
h, where ω
i
h ∈ Ω•X,ωiv ∈
Ω•V .
Then ∫
X
τ∧ π
!
ω =
∑
j
∫
X
τ∧ π
!
(π∗ωjv ∧ π
∗
2
ω
j
h)
=
∑
j
∫
X
τ∧ωjv
∫
V
ω
j
h
=
∑
j
∫
X×V
π∗(τ ∧ωjv)∧ π
∗
2
ω
j
h
=
∑
j
∫
X×V
π∗τ∧ π∗ωjv ∧ π
∗
2
ω
j
h =
∫
X×V
π∗τ∧ω,
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where the rst equality holds by a fundamental property of the Lebesgue integral,
the seond one by the denition of ber integration, and the third one by Fubini's
theorem.
3. Immediate from the observation we made that the Leray-Serre spetral sequene is
the one assoiated to the biomplex (Ω•EΓ ⊗Ω•V)Γ .
Remark 25. In the lines of the preeding remark, the integration along the ber omes
from a morphism of omplexes of sheaves on BΓ
π∗A•EΓ×ΓV → (id∗)A•BΓ [−n] = A•BΓ [−n].
where [−n] denotes shifting a omplex by −n degrees (and in general one an show that
f
!
indues a morphism A•EΓ×ΓV → A•−k+lEΓ×ΓW .)
Applying the funtor Rp∗ to the latter sequene, we obtain the integration over the ber
map
π
!
: H∗(E; C) = (Rp∗)(π∗A•EΓ×ΓV)
→ (Rp∗)(A•BΓ )[−k] = (Rp∗)(CBΓ )[−k] = H∗−k(BΓ).
Let us look at the indued spetral sequene map on the E
2
level. As we have already
noted, we get
E
pk
2
= (Rp)(Hk(π∗(A•EG×ΓV))) = H
p(BΓ , Hk(V))→ Hp(BΓ , C),
So passing to the abutment, this spetral sequene map indues
H
p+k(EΓ ×Γ V) =
⊕
x+y=p+k
Exy∞ → Epk∞
→֒ Epk
2
= Hp(BΓ ; Hk(V))→ Hp(BΓ ; C),
where the seond map is the projetion in the diret sum onto the upper edge terms, and
where the third map is injetive beause there are only zero dierentials arriving at these
terms. So this is the way we an read o the integration along the ber diretly from the
Leray-Serre spetral sequene in the form it ours.
The spetral sequene for yli ohomology
We now reah our rst goal, namely the identiation of Nistor`s spetral sequene.
Proposition 26. The ohomologial spetral sequene of orollary 15 oinides with an
innite diret sum of Leray-Serre spetral sequenes.
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Proof. Putting together what we have said about both spetral sequenes, we see that the
Leray-Serre sequene is the hyperohomology spetral sequene omputing H∗(Γ ;Ω∗(V)).
In turn, the spetral sequene of 15, whih oinides with Nistor's, is the one omputing
H∗(Γ ;Ω
ev
V ⇆ Ω
odd
V) ∼= H∗(Γ ;ΩevV ⇆ ΩoddV). The omplex ΩevV ⇆ ΩoddV is a
diret sum of omplexes Ω∗V , and it is this in the ategory of omplexes of CΓ -modules
as well.
3.2 Latties in semisimple Lie groups, the Furstenberg boundary
and the splitting priniple
We shall apply the previous omputation of yli ohomology to K-theory and index
theory, thereby approahing the idempotent theorem for the group ring of higher rank
latties. Let us begin with latties in SL(q,C).
3.2.1 The ase G = SL(n,C)
Proposition 27. Let G be the simple Lie group SL(n,C) for n > 2, Γ a torsion-free (not
neessarily oompat, nor even of nite ovolume) disrete subgroup of G, K = SU(n)
the preferred maximal ompat subgroup of G, EΓ = G/K the symmetri spae with
its left Γ-invariant Riemannian struture of non-positive urvature, (as explained in
A.1) and B the minimal paraboli and maximal solvable subgroup of upper triangular
matries of G, B\G the orresponding ag manifold, seen as a right Γ-spae. Consider
the bration
B\G×Γ G/K
p

(B\G)×Γ EΓ

Γ\G/K BΓ pt×Γ EΓ
indued by ollapsing B\G to a point. It has the property that the map on ohomology
p∗ : H∗(BΓ)→ H∗((B\G)×Γ EΓ)
(with rational oeients, without support ondition) is injetive. Consequently,
p∗ : H∗((B\G)×Γ EΓ)→ H∗(BΓ)
is surjetive.
Reall that there are torsion-free subgroups of nite index in SL(n,Z) (see [13℄). They
provide therefore anonial examples for Γ .
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Proof. The ordinary splitting priniple for omplex vetor bundles an most easily be
formulated as follows (see for example [12℄). There is a funtor Fl from vetor spaes to
spaes, assoiating to a n-dimensional vetor spae U its ag manifold Fl(U), i. e. the set
of maximal ags
0 = U
0
⊂ U
1
⊂ · · · ⊂ Un−1 ⊂ Un = U,
Ui being an i-dimensional subspae of U. This set is a SL(n,C)-homogeneous spae and
in partiular a ompat smooth manifold beause SL(n,C) ats on it transitively with
isotropy subgroup the losed subgroup B. So Fl(U) ∼= B\G. The funtor Fl extends to a
funtor from the ategory of omplex vetor bundles over a given spae to that of ber
bundles over it. The total spae of the ag bundle Fl(V) over X assoiated to a xed real
vetor V → X is a splitting manifold for the vetor bundle, i. e. the bundle V pulled bak
to the total spae of Fl(V) along the projetion Fl(V)→ X splits into a diret sum of line
bundles, and, important to us, the ohomology H
∗(X) of the base injets by pulling bak
along the projetion into the ohomology H
∗(Fl(V)) of Fl(V) (see [12℄ for the splitting
priniple). Trivial vetor bundles with, say, ber U are, of ourse, mapped to trivial
brations with ber Fl(U). In partiular, for the trivial vetor bundle of rank n over G/K
we have
Fl(U×G/K) = Fl(U) ×G/K = B\G×G/K.
Now the bundle U × G/K omes with a anonial Γ ation, namely the diagonal ation
indued from the ation of Γ as a subgroup of SL(n,C) on Cn = U and the natural ation
on EΓ . So there is a Γ -ation on Fl(U × G/K), beause Fl is a funtor. Let us now show
that the following diagram ommutes.
Fl(U×G/K)
Fl(γ−1×γ)

Fl(U) ×G/K
γ−1×γ

Fl(U×G/K) Fl(U)×G/K.
For the fator G/K this is exatly the statement that Fl is a funtor from the ategory of
vetor bundles to that of ber bundles. For the fator Fl(U) = Fl(Cn) this follows from the
fat that the homeomorphism G/B→ Fl(U), xB 7→ xBζ where ζ is the standard ag of Cn
is equivariant. So we may divide on both sides of the equation Fl(U×G/K) = Fl(U)×G/K
by Γ , beause Γ ats freely and properly o n EΓ , and therefore so does it on vetor or ber
bundles over EΓ .
Seond one heks that the natural map from Fl(V) to Fl(V/Γ) identies Fl(V)/Γ with
Fl(V/Γ) when the ation on the base is free and proper. So altogether we have shown that
Fl(U×Γ G/K) = Fl(U×G/K)/Γ = B\G×Γ G/K. Therefore the spae under onsideration
is a splitting manifold, and the projetion maps oinide by denition, i. e. the map p is
in fat the map that provides the embedding of the ohomology of the base BΓ into that
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of the splitting manifold. This proves the rst half of the theorem.
The seond follows from the universal oeient theorem.
Remark 28. This proof shows that we an even tell the ohomology ring of EΓ ×Γ G/B as
a ring. Sine the struture group Γ of the omplex vetor bundle EΓ ×Γ U is disrete, it is
at, hene it has no non-zero rational Chern lasses. So the ohomology of the assoiated
ag bundle is the produt
H
∗(EΓ ×Γ G/B) = H∗(Γ)⊗ H∗(G/B) = H∗(Γ)[x1, . . . , xn]
/( n∏
i=1
(1 + xi) = 1
)
.
3.2.2 Conneted semisimple Lie groups
Now we want to extend the proposition to the ase of more general (omplex onneted)
semisimple Lie groups. Let us rst gather some basi fats on them. The following fats
an be found in any standard referene on Lie groups, for instane in [46℄.
1. Any omplex semisimple Lie algebra g has a unique (up to isomorphism) ompat
real form, i. e. a real subalgebra g
0
suh that g ∼= g
0
⊗C and g
0
is ompat (it is the
Lie algebra of a ompat group).
2. Any omplex semisimple Lie group (algebra) has a subgroup (subalgebra) whih is
at the same time maximal solvable and oompat (suh subgroups are alled Borel
or minimal paraboli subgroups) .
3. A maximal abelian real subalgebra of g is a Cartan subalgebra (i. e. nilpotent and
its own normalizer) i any of its elements is semisimple (diagonalizable in the adjoint
representation). dimR g is then alled the rank rk g of g.
If g is ompat, then a subalgebra is Cartan i it is maximal abelian.
4. If g
0
is a real form of g, then g
0
is abelian (resp. semisimple) in the real sense i
g is in the omplex sense. Moreover, rk g = 2rk g
0
beause h
0
⊂ g
0
is Cartan i
h
0
⊗ C ⊂ g is.
5. Any ompat Lie algebra is redutive (a diret sum of an abelian and a semisimple
algebra).
Remark 29. One an prove the following statement. Let G be a omplex semisimple Lie
group. Let K be the maximal ompat subgroup orresponding to the ompat real form
of the Lie algebra. Let T be the maximal torus of K. Then T is also a maximal torus for a
Borel subgroup B.
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The onlusion obviously holds in the ase of G = SL(n,C) for all n.
Sine the statement of the onlusion is the only ondition on the Lie group we make use
of in the entire hapter, the remark allows to replae SL(n,C) everywhere in the hapter,
in partiular in theorem 37, by a omplex semisimple Lie group.
Proposition 30. In the situation of the preeding proposition, let Γ be a torsion-free
lattie of G.
1. There is a homotopy ommutative diagram as follows.
G×B EB
(8)

G×B EB
(5)

K×T ET
(7)

(6)
oo
EΓ ×Γ G×B EB //

BB
(4)

BT
(3)

(1)
oo
BΓ // BG BK
(2)
oo
where the maps (1), (2), (3), (4), (6) and (8) are indued by inlusions, all others
by obvious projetions.
2. The olumns are homotopy brations.
3. The arrows (1), (2) and (6) are homotopy equivalenes.
4. The arrows (3) and (4) are injetive on rational ohomology.
5. The arrow (7) and hene the maps (5) and (8) are surjetive on rational oho-
mology.
6. The left hand bration EΓ ×Γ G ×B EB → BΓ is ohomologially trivial as well.
In partiular π∗ is injetive.
Proof.
1. The ommutativity up to homotopy follows immediately from the denitions of the
maps and the fat that B is a funtor, exept for the lower left square. The latter is
a speial ase of the following statement.
For any onneted Lie group G with the two losed subgroups H and H ′ the following
diagram is a pull-bak diagram.
EH×H G×H ′ EH ′ //

BH ′

BH // BG,
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where the upper and left arrows are given by projeting onto the right resp. left
fator, and the other two arrows are given by maps H → G and H ′ → G. This is
heked by verifying that both ompositions lassify the same G-prinipal bundle,
namely EH×H G×G×H ′ EH ′ → EH×H G×G G×H ′ EH ′ = EH×H G×H ′ EH ′.
This proves the ommutativity of the lower left square sine for H = Γ and H ′ = B
this pullbak EΓ ×Γ G ×B EB is homotopi to EΓ ×Γ G/B (beause it projets onto
the rst two fators with ontratible ber EB).
(Note however that the map BΓ → BG is in ohomology the projetion onto the
zeroth omponent degree by the Chern-Weil theory of harateristi lasses.)
(Seond note: A prinipal bundle is by denition a spae equipped with a right
group ation satisfying some properties. If the formula b.(x,y) = (xb−1,by) is used
to dene the homotopy quotient, then this is a left ation. However, hanging to
(xb,b−1y) does not hange the quotient).
2. For the rst olumn, this is immediate. For the two others, this follows from the
speial ase H = pt of the statement made on the preeding item. In fat, it shows
that the ompositions of the vertial maps in question fator via Bpt = pt, so is
homotopially trivial. Seond, BH ′ → BG is surjetive, sine EG is also a EH ′, thus
BG = EG/G = EG/H ′/G = EH ′/H ′/G = BH ′/G.
3. Sine B/T and G/K are ontratible, the statement follows from the same reasoning
as in the preeding item.
4. The statement for the map (3) is part of A. Borel's homotopial formulation of the
splitting priniple, see [10℄, p. 67. In fat, he proves that the ohomology of BK is
isomorphi by this map to the invariants under the ation of the Weyl group of T in
K. The statement for the map (4) follows from that for (3) given that (1) and (2)
are homotopy equivalenes.
5. In terms of the Leray-Serre spetral sequene for a bration F
i−→ E→ B, the map i∗
is given by
H
n(E)→ En0∞ →֒ E0n2 = Hn(F).
The seond map is injetive beause on the left hand edge only arrive zero dier-
entials. If this map is also surjetive, as is proved in the preeding items, all other
dierential vanish as well. So the spetral sequene degenerates at the E
2
term and
gives produt ohomology.
So the bration G/B→ EΓ×Γ → BΓ splits in rational ohomology.
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3.2.3 SL(n,C) in K-theory
In a third presentation of the splitting priniple, we now want to extend the results of
theorem 27 from the ase of de-Rham ohomology to K-theory. This means that now we
want to take torsion phenomena into aount. So we set out to prove the split injetivity
of the map π∗ : K∗(BΓ) → K∗(EΓ ×Γ G/B) if G = SL(n,C). This gives another proof
of theorem 27 from a dierent (though related) and more general viewpoint beause the
Chern harater is a rational isomorphism.
Consider the following sequene of ever larger subgroups of G = SL(n,C).
G
1
= B =

all matries of the form


∗ ∗ ∗ . . . ∗ ∗
0 ∗ ∗ . . . ∗ ∗
0 0 ∗ . . . ∗ ∗
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
0 0 0 . . . ∗ ∗
0 0 0 · · · 0 ∗



 ∩G
G
2
=

all matries of the form


∗ ∗ ∗ . . . ∗ ∗
0 ∗ ∗ . . . ∗ ∗
0 0 ∗ . . . ∗ ∗
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
0 0 0 . . . ∗ ∗
0 0 0 · · · ∗ ∗



 ∩G
.
.
.
.
.
.
Gn−1 =

all matries of the form


∗ ∗ ∗ . . . ∗ ∗
0 ∗ ∗ . . . ∗ ∗
0 ∗ ∗ . . . ∗ ∗
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
0 ∗ ∗ . . . ∗ ∗
0 ∗ ∗ · · · ∗ ∗



 ∩G
Gn = G,
i. e. at every step one more olumn is lled.
The bration BB→ BG thus fators as a sequene of brations
BB→ BG
2
→ · · · → BG.
We now laim that eah single step is ohomology-injetive.
Lemma 31. The ber of the bration BGi−1 → BGi is (homotopi to) CPn−i.
Proof. We have to identify the homogeneous spae Gi/Gi−1. Gi ats on C
i
by restriting
to the right lower orner. The ation passes to a transitive ation on CPi−1. Gi−1 is the
stabilizer of the base-point of CPi−1 orresponding to the rst basis vetor.
Lemma 32. Eah bration step BGi → BGi+1 an be identied with a universal bra-
tion, i. e. with a bration CPi−1 →֒ P(ξi)→ BU(i) where P(ξi) is the projetivization
of the universal bundle ξi → BU(i).
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Proof. By looking at the foregoing proof we see that we may redue the problem to the
maximal ompat subgroups (whih may be done for purposes of homotopy). The i-step
bration BGi → BGi+1 is homotopi to
U(i)/U(1)× U(i − 1) // B(U(1) × U(i− 1))

BU(i),
whih is exatly the universal one.
Lemma 33. The universal bration CPi−1 →֒ P(ξi)→ BU(i) has the property that the
restrition to the ber K
∗(P(ξi))→ K∗(CPi−1) is surjetive.
Proof. This is a orollary of Grothendiek's introdution of the Chern lasses.
In fat, let O(1) → CPn be the dual of the tautologial bundle. There is the fat that
K
∗(CPn) is Z[X]/(Xn+1) where X is a generator of degree 0 whih is given by X = [O(1)]−[1]
(In partiular, K
1(CPn) vanishes).
Now we generalize this to the general bundle. Denote by Oξ(1) → P(ξi) the dual of the
tautologial bundle over P(ξi). Let i : CP
n → P(ξi) be the inlusion. Now we have that
i∗(Oξ(1)) = O(1). It follows that i∗ is surjetive in K-theory.
Using the Atiyah-Hirzebruh spetral sequene, one ould also make use of a similar reason-
ing to ohomology, where one may use the Serre spetral sequene. In fat, the ohomology
of BU(n) is onentrated in odd degree, as is that of CPi−1. So there is no room for non-
trivial dierentials and the edge homomorphisms must be injetive resp. surjetive, whih
proves the same.
Sine any vetor bundle E → Y is the pull-bak of the universal bundle, we an on-
lude that the partiular nature of the base spae does not play any role. The following
proposition is standard and proved in the same way as the above lemma.
Proposition 34. K
∗(P(E)) is a free K∗(Y)-module with basis [1],XE, . . . , (XE)n for an
arbitrary vetor bundle E → Y, where XE is the lass of the tautologial line bundle
over P(E) minus [1]. Here, we have to understand K-theory with possibly non-ompat
support, i. e. the homotopy invariant version.
In partiular π∗ is split-injetive.
Corollary 35. π∗ : K∗(BΓ) → K∗(EΓ ×Γ G/B) is split injetive for K-theory with and
without support ondition.
Proof. We have shown this for eah of the single omposing steps of the bration BB→ BG.
So the split injetivity holds for BB→ BG and by the same argument as in the preeding
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setions also for EΓ ×Γ G/B → BΓ . The statement for ompat support K-theory (whih
interests us the most) is the ontent of the following lemma 36(2).
Lemma 36.
1. If π∗ : H∗(B)→ H∗(E) for an orientable bration F →֒ E→ B of smooth manifolds
with ompat ber but not neessarily ompat base spae is injetive, then so
is the map π∗ : H∗

(B)→ H∗

(E) between the ohomologies with ompat support.
Dually, if π∗ is surjetive between ordinary homologies, then so is π∗ between
the loally nite homologies.
2. A K-theoretial analogue to the ohomologial part of the preeding statement
holds. We may then also replae split injetive for injetive everywhere.
Proof.
1. Choose an exhaustion ⊘ ⊂ K
0
⊂ K
1
⊂ · · · ⊂ B of the base by ompat subsets whih
are smooth onneted manifolds with boundary.
Now the point is that we know the splitting priniple for the brations π−1Ki → Ki
and π−1(B− Ki)→ B− Ki for all i beause all we have used in the proof is that the
bundle is the ag bundle of a omplex vetor bundle. There have not entered any
partiular properties of the base spae.
Denote by Ei = π
−1(Ki). So H
∗(Ei) is a free module over H∗(Ki), and H∗(E − Ei)
is a free module over H
∗(B − Ki). Moreover, the maps indued by the inlusions
Ki → Ki+1 and Ei → Ei+1 map the anonial basis into the anonial basis. By
the exision theorem, H
∗(B,B − Ki) ∼= H∗(Ki+1,Ki+1 − Ki) and H∗(E,E − Ei) ∼=
H
∗(Ei+1,Ei+1−Ei) beause we may assume that the losure of B−Ki+1 is ontained
in the interior of B − Ki. Consider the long exat ohomology sequene at the i-th
step.
. . .
//
H
k−1

//
H
k(Ei+1,Ei+1 − Ei)

//
H
k(Ei+1)

//
H
k(Ei+1 − Ei)

//
. . .
. . .
//
H
k−1 //
H
k(Ki+1,Ki+1 − Ki)
//
H
k(Ki+1)
//
H
k(Ki+1 − Ki)
//
. . .
Let ξj denote the anonial H∗(X)-base of the non-relative groups H∗(π−1X) for
X = Ki or X = Ki+1. Clearly these bases orrespond to eah other under the map i
indued by the inlusion so we will not distinguish them by notation.
Furthermore, the relative group is also a module under H
∗(E), and so there is a
multipliation by ξj in H∗(Ki+1,Ki+1 − Ki).
It is a general fat then that the boundary operator ats as a derivation:
d(zξ) = d(z)ξ + (−1)|z|zdξ.
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Sine ξ is, as we have said, in the image of the preeding group, dξ = 0. Thus all maps
of the long exat sequene are linear with respet to multipliation by ξ. There is a
map (H∗(Ki+1,Ki+1−Ki))⊕n → H∗(Ei+1,Ei+1−Ei)) dened by sending a family (xj)
to
∑
π∗(xj)ξj. We want to prove that this map is an isomorphism. For surjetivity,
let α ∈ Hk(Ei+1,Ei+1 − Ei) be arbitrary. Consider its image i(α) ∈ Hk(Ei + 1) in
the long exat sequene. Sine H
∗(Ei+1) is a free module over H∗(Ki+1), there is a
unique expression i(α) =
∑n−1
0
π∗(xj)ξj for xj ∈ Hk−2j(Ki+1). Sine the sequene
is exat, 0 = p(i(α)) =
∑n−1
0
p(xj)ξ
j ∈ Hk(Ei+1−Ei) and we see that all p(xj) = 0.
So all xj's are in the image of i, say i(yj) = xj for yj ∈ Hk(Ki+1,Ki+1 − Ki),
and α −
∑n−1
0
yjξ
j ∈ Ker : Hk(Ei+1),Ei+1 − Ei) → Hk(Ei+1). This means that
α−
∑
yjξ
j = δ(β) for β ∈ Hk−1(Ei+1 − Ei). Now we may express β in the basis as
β =
∑
π∗(zj)ξj for zj ∈ Hk−1−2j(Ki+1−Ki). In other words, α =
∑
π∗(yj+δ(zj))ξj
whih proves that there is an expression for α in terms of (ξj) and the map is
surjetive.
To prove uniqueness, let
∑
yjξ
j = 0. So
∑
i(yj)ξ
j = 0 whih implies that i(yj) = 0.
So yj = d(zj) for some zj's. Then
∑
d(zj)ξ
j = 0 = d(
∑
zjξ
j) whih means that∑
zjξ
j = p(
∑
qjξ
j) =
∑
p(qj)ξ
j
. So zj = p(qj) and yj = d(p(qj)) = 0 by the
exatness.
So we onlude that the relative group H
∗(E,E−Ei) is a diret sum of H∗(B,B−Ki).
Moreover, the anonial splitting map H
∗(B,B − Ki) → H∗(E,E − Ei) is given by
x 7→ π∗(x)ξ0, in other words by the map π∗. By the naturality of the proof, this fat
passes to the diret limit H
∗
c(E) = limiH
∗(E,E − Ei).
The statement for homology follows from the duality of π∗ and π∗.
Remark: An alternative proof ould be given as follows. By expliit alulations
with dierential forms, one an see that the map whih makes the following diagram
ommute
H
∗

(E)
∼= //
H
dimE−∗(E)
H
∗

(B)
∼= //
π∗
OO
H
dimB−∗(B)
OO
an be read o expliitely in the Leray-Serre spetral sequene. Namely, it is the map
whih sends the homology to the limit of the uppermost row in the E2-term of the
spetral sequene for ordinary homology. This map is injetive sine all dierentials
vanish. However, we wrote down a purely topologial proof to make it valid in
K-theory as well.
2. The above proof applies verbatim to the K−theory ase.
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In the following theorem, we reah the goal of the hapters two and three in view of the
sequel of the thesis.
Theorem 37. Let Γ be a torsion free, not neessarily oompat disrete subgroup of a
onneted semisimple Lie group G whih has a Borel subgroup B whih satises the
ondition appearing in the onlusion of remark 29. For instane, let G = SL(n,C).
Then the map
HP
0
(
C∞(B\G)⋊Γ)
<1>
−→ HP0(CΓ)<1>
indued from shrinking B\G to a point is surjetive. In partiular, the lass
[τ] ∈ HP0(CΓ)<1>
of the anonial trae
τ : CΓ → C,
∑
aγγ 7→ ae
is in the image.
The point about this theorem is that it shows that the trae pairing < e, τ >, where
e is an idempotent in CΓ , depends only on the value of e in K
0
(Γ⋉C∞(G/B)) resp.
HP
0
(Γ⋉C∞(G/B)). From that fat, and the knowledge of the K-theory K
0
(Γ ⋉
r
C(G/B))
we will develop the proof of the idempotent theorem.
Proof. Let us apply all we have done so far to the ase V = B\G, W = pt, p : V → W.
By making expliit the funtoriality for the map p of the yli ohomology under all the
isomorphism we have established so far, namely
HP
∗(C∞(V)⋊Γ)<1> ∼= H∗(Γ ;ΩevV ⇆ Ω
odd
V) ∼= H∗+dimV(Γ ;ΩevV ⇆ ΩoddV)
∼=
⊕
j
H
∗+dimV+2j(EΓ ×Γ V)
we see that the following diagram ommutes:
H
ev(BΓ)
∼= //
HP
0(CΓ)<1>
H
ev+dimB\G((B\G)×Γ EΓ)
p
!
OO
∼= //
HP
0(C∞(B\G)⋊Γ)<1>,
p∗
OO
where the left hand vertial arrow is the shriek map from denition 19. Let π : E → B be
an orientable bration (i. e base, ber and total spae are oherently oriented). We want
to relate the ber integration π
!
, whih lowers the degree of a ohomology lass by the ber
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dimension, with the ordinary degree-preserving π∗. We therefore show that π
!
deserves
its name, namely that it equals the omposition H
∗(E) ∼= Hlf
dimE−∗(E) → HlfdimE−∗(B) ∼=
H
∗−dim∗(B)−dimE(B) whih involves Poinaré duality for the whole spae. Here, Hlf stands
for loally nite homology ([12℄). Note that Γ ats by orientation preserving dieomor-
phisms on EΓ = G/K and on B\G, so the orientation ondition is satised.
The map π
!
is indued by the integration over the ber-map, whih we shall also denote
by
π
!
: ΩiE→ Ωi−kB, ω 7→
∫
π−1x
ω, x ∈ B
where the ber is ompat orientable and of dimension k. If we ompose this map with
Poinaré duality in the base B, we obtain the de-Rham urrent
τ 7→
∫
B
τ∧ π
!
ω
on B, where τ has to have ompat support. By lemma 24, this is the same as(
τ 7→
∫
E
π∗τ∧ω
)
= π∗
(
ζ 7→
∫
E
ζ∧ω
)
.
This shows that the following diagram ommutes:
H
∗(E) PD //
p
!

H
lf
dimE−∗(E)
p∗

H
∗+dimB−dimE(B) PD // Hlf
dimE−∗(B),
in other words, our map p
!
is the shriek map for the projetion of the bration. So if the
p∗ map of the bration between the loally nite homologies is surjetive - as assured by
lemma 36, then so is the p
!
.
Note that in the proof we annot dispense with Poinaré duality for the base.
The following orollary will not be used in the sequel, but it illustrates the way the
theorem an prove useful, and it sets the theorem a little loser to the framework of the
rst hapter.
Corollary 38. The lass of unit [1] ∈ K
0
(Γ⋉C∞(G/B)) is not torsion.
Proof. Let τ ′ be a oyle for the preimage of the trae lass, i. e. the restrition of τ ′
to CΓ is ohomologous to τ. Then < τ ′, [1] >=< τ, 1 >= 1, so there is a funtional on
K
0
(Γ⋉C∞(G/B)) that detets [1].

Chapter 4
The Dira-dual Dira method,
equivariant Bott periodiity and index
theory
We now set out to obtain a higher index formula in our setting, i. e. we wish to dispose
of a formula for the pairing
K
0
(
Γ⋉C∞(G/B))⊗ HP0(Γ⋉C∞(G/B))
<1>
−→ C.
where we are interested only in the value on the onstruted yli oyle τ ′ ∈ HP0(Γ⋉
C∞(G/B))
<1>
whose restrition i∗τ ′ to CΓ is ohomologous to the trae: i∗τ ′ = τ. Our
goal is to alulate < e, τ >=< i∗e, τ ′ >.
Conretely, we will ompute HA
0
(Γ⋉C∞(G/B)) by a Dira-dual Dira method. See the
synopsis for a short explanation why this is needed. We would have liked to ompute
K
0
instead of HA
0
. However that turned out to be too diult. Even the result for HA
ontains the far most involved arguments of the whole paper, and a omputation of HA
fortunately sues for the proof of the idempotent theorem.
In the result it is visible whih lasses an ome from HA
0
(RΓ).
See also the appendix A.3 for an overview of how and under what onditions Connes'
foliation index theorem would yield the result.
4.1 The C∗-algebrai Dira-dual Dira onstrution
In this setion, we shall explain how to ompute K∗(Γ⋉rC(G/B)). Later on, we will mimi
the proedure on smooth subalgebras in order to obtain a alulation of HA∗(Γ⋉C∞(G/B)).
Let q = dimB/T = dimG/K = dimEG, as throughout the thesis.
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In the entire sequel we will assume that there exists a Γ -equivariant Spinc-struture on
EΓ = G/K.
Remark 39. As we restrit to the ase G = SL(n,C), the Spinc assumption we made
during the onstrution of the assembly map in that form is automati, i. e. EΓ is always
equipped with a G-equivariant Spinc struture.
More generally, whenever G is simply onneted, the ondition is satised.
Proof. One proofs indutively that SU(n) is simply onneted as follows. SU(2) is the
three-sphere. SU(n)/ SU(n−1) is CPn−1, as one an see by making SU(n) at transitively
on the lines in Cn. So the indution step is ompleted by a look at the long exat homotopy
sequene assoiated to that bration.
Now the only obstrution against the existene of a G-equivariant Spin-struture on a
nite dimensional representation spae of a ompat Lie group G is two-torsion in the
fundamental group of G (see [11℄).
Proposition 40. There is an invertible bivariant G-equivariant Kasparov element
β ∈ KKGq (C(G/B),C0(G/T))
suh that the restrition β ′ := res1G(β) ∈ KKq(C(G/B),C0(G/T)) is the usual Thom
element for the bundle G/T = KAN/T = K ×T A × N → K/T = KAN/TAN = G/B,
where G = KAN,B = TAN is the Iwasawa resp. Langlands deomposition of G resp.
B. G ats by left multipliation on both G/B and G/T .
In ase G = SL(n,C), the subgroup A of G onsists of the diagonal matries with real
positive entries and determinant 1, N onsists of the unipotent upper triangular matries, i.
e. of the matries of the form 1+ stritly upper triangular matrix, B of the upper triangular
matries with determinant 1, and T of the unitary diagonal matries with determinant 1.
B is an extension
1→ NA→ B→ T → 1
and the torus ats on NA by onjugation (trivially on A), and B is a semidiret produt
(NA)⋊ T in the sense of Lie groups.
Proof. The point is to show that the standard Thom element β ′ is an equivariant yle,
i. e. it is in the image of the restrition homomorphism res
e
G.
Let X be a spae gifted with a left G- and a ommuting right H ation, H being any
loally ompat group, suh that the H-ation is free and proper. Denote by MoritaX,H ∈
KK
G
0
(C
0
(X) ⋊ H,C
0
(X/H)) (G ats trivially on H) the lass of the Kasparov triple given
by the C
0
(X/H)-Hilbert-C∗-module
E+ =
{
f ∈ L2(X) :
∫
H
|f(−.h)|2dh ∈ C(X)H = C(X/H)
}
, E− = 0
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i. e. the setions of the Hilbert spae bundle whose Hilbert spae over a point in X/H is
exatly the orresponding H-orbit on X the obvious representation of G and of C
0
(X)⋊H
on E+, and the zero operator. Then res1G(MoritaX,H) ∈ KK0(C0(X) ⋊ H,C0(X/H)) is the
standard invertible Kasparov triple providing the strong (Rieel-)Morita equivalene be-
tween C
0
(X)⋊H and C
0
(X/H). The proof that MoritaX,H is invertible goes through as in
the non-equivariant ase (see[35℄, Theorem 2.18). Denote by Morita−1X,H its inverse.
The existene of a T -invariant Spinc-struture for B/T is automati for the following rea-
sons. It is also a onsequene of our standing assumption that EΓ = G/K has a K-invariant
Spin
c
-struture. In fat, the existene of a G-invariant Spinc-struture on G/K is equiva-
lent to saying that the adjoint representation K→ SO(g/k) lifts to K→Spinc → SO. Now
the representation of T on b/t = g/k is a restrition of the representation of K and thus
also lifts. Reall that our standing assumption is always satised if G = SL(n,C) beause
then K is simply onneted. In the ase of B ating on B/T , one may also argue that rep-
resentations of the torus are always Spin, beause it is simply onneted, (see remark 40)
or also beause representation of a torus my be diagonalized into omplex representations
on R2 = C.
Consider now the dual Dira-element ηB/T ∈ KKBq(C,Cliff(T∗(B/T) ⊗ C)) onstruted
by Kasparov. Cliff stands for the setions vanishing at innity of the omplex Cliord-
algebra assoiated to a omplex vetor bundle. The Spin struture allows to view ηB/T
as an element in KK
B
q(C,C0(B/T)). Let G at trivially on C0(B/T). Then ηB/T de-
nes an element in the group KK
G×B
q (C,C0(B/T)). Denote by τA the homomorphism
KK
G(C,D) → KKG(C ⊗ A,D ⊗ A) that tensors the Hilbert module, representation and
the operator with the G-algebra A. Finally, denote by jH the desent homomorphism
KK
G×H(C,D)→ KKG(C⋊
r
H,D⋊
r
H), see [35℄, 3.11.
Then we are in a position to dene β. Namely, we let β be the Kasparov produt
Morita−1G,B ⊗C0(G)⋊BjB(τC0(G)(ηB/T )) ⊗
⊗C
0
(G×B/T)⋊B MoritaG×B/T ,B ∈ KKGq (C(G/B),C0(G/T)).
So we view the spaes G/B resp. G/T as the rossed-produt C∗-algebras C
0
(G)⋊B resp.
C
0
(G) ⋊ T and then use the Kasparov element (whih is also the one appearing in the
Connes-Kasparov-Rosenberg-onjeture) to redue the rossed produt with B by a rossed
produt with its maximal ompat subgroup T . This desription already explains that
β ′ = res1G(β) is invertible, sine for solvable Lie groups suh as B, the dual Dira element
ηB/T is invertible with inverse the Dira element. So, β
′ = res1G(Morita)⊗ jB(τC
0
(G)(η)⊗
res
1
G(Morita
−1) is invertible as well. β ′ is exatly the invertible element that indues the
K-theoreti Thom isomorphism.
As our goal is to represent β by a homomorphism (suh that β restrits to a map
between the smooth subalgebras), we need an element in KK
0
rather than in KKq. We
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solve this by simply adding a one-dimensional trivial bundle with trivial ations.
More preisely, in ase q is odd, there is an invertible element
β ∈ KKG
0
(C(G/B),C
0
(G/T × R),
R being given the trivial G-ation. In fat, there is a anonial inver-tible element in
KK
G
1
(C,C
0
(R)), namely the generator of K1(S1). We take the outer produt of this yle
with the β onstruted before. So let V be the manifold R if q is odd, the one-point-spae
otherwise, equipped with trivial G-ation. Then onsider β ∈ KKG
0
(C(G/B),C
0
(G/T×V)).
4.2 The smooth Dira-dual Dira method
In this setion, we will desribe how to nd an analogue in HA of the proedure desribed
in the preeding setion.
4.2.1 Split-exatness and Quasi-Homomorphisms
In this subsetion, we introdue the onept of quasi-homomorphism due to Cuntz. In
([19℄), he showed that KK
0
(A,B) is equal to the set of homotopy lasses of homomor-
phisms from qA to B ⊗ K. The algebra qA is an algebra assoiated funtorially to A in
suh a way that any quasi-homomorphism, being a seemingly only slightly more general
notion of homomorphism, from A to C is the same as a homomorphism from qA to C. So
every KK-element an be represented by a quasi-homomorphism from A to B ⊗K. Our
goal is to represent the Dira and dual Dira-elements as quasi-homomorphisms, beause
this allows to hek if the smooth sub-algebras are preserved.
This means that we now want to hange bak from the C∗-algebrai ontext to the far
more algebrai one of bornologial algebras, i. e. we will again onsider K
0
and HP as
funtors on the ategories of bornologial algebras, where K
0
, though, simply forgets the
bornology and looks at stable equivalene lasses of idempotents. Algebrai K-theory is in
some aspets a muh more subtle theory than the C∗-algebrai one. For example, it is not
invariant under tensoring with the ompat operators of a separable Hilbert spae, nor is
it homotopy-invariant, nor even invariant under polynomial homotopies ([45℄, exerise 3.
2. 24).
However, it is a fundamental theorem of algebrai K-theory that it is a split-exat funtor.
In other words, eah split-exat sequene 0 → J → A → A/J → 0 of algebras indues an
exat sequene 0 → K
0
(J) → K
0
(A) → K
0
(A/J) → 0 (whih therefore also splits). The
C∗-algebrai proof relies on exision and the 6-term sequene, and the algebrai proof is
similar, so it an not be trivial sine it involves algebrai K
1
, the algebrai boundary map
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and algebrai exision.
However, split-exatness sues to dene a funtoriality under ertain smooth KK-elements.
More preisely, we shall dene quasi-homomorphisms of algebras and we shall show how
they indue K-theory maps.
What we will say will a fortiori apply to the split-exat funtors HP and HA as well.
The ontent of the following lemmas is taken from [23℄.
Denition 41. Let A,B,D,D ′ be bornologial algebras. Let 0 → B → D ′ → A → A be a
sequene of bornologial algebras, i. e. the maps are bounded algebra homomorphisms. It
is said to be an extension if it is exat as vetor spaes, B arries the subspae bornology
of D, and the indued map D ′/B→ A is a bornologial isomorphism.
A speial quasi-homomorphism from A to B is an extension 0→ B→ D ′ → A together
with two splittings f+, f− : A → D ′ (i. e. bounded algebra homomorphisms suh that
pf+ = pf− = 1A) suh that the map f+ − f− is also bounded and its image is ontained
in that of B.
A quasi-homomorphism is an algebra D together with a losed ideal B (i. e. B has the
subspae bornology) and two bounded algebra homomorphisms f± : A → D suh that
f+ − f− is bounded and has image in B. One no longer requires that D/B be isomorphi
to A.
Sometimes one writes a quasi-homomorphism as f± : A⇒ D⊲ B.
A speial quasi-homomorphism f± : A ⇒ D ′ ⊲ B indues a map K0(A) → K0(B) and a
map HA
0
(A)→ HA
0
(B) as follows.
We have p∗((f+)∗ − (f−)∗) = p∗(f+)∗ − p∗(f−)∗ = id∗ − id∗ = 0, so by the split-exatness
Im((f+)∗ − (f−)∗) ⊂ K0(B) ⊂ K0(D ′). This means that one may dene (f±)∗ as (f+)∗ −
(f−)∗.
Let now f± : A⇒ D⊲ B not be speial. Then D ′ := A⊕ B with the multipliation
(a,b)(a ′,b ′) = (a ′ + f+(a)b ′ + bf+(a ′),bb ′)
denes a bornologial algebra D ′ (one may write D ′ = A⋉ B with the ation of A via f+
on B as an ideal inside D is understood) together with two maps f ′+, f ′− : A→ D ′, dened
as
f ′+(a) = (0,a), f
′
−(a) = (f+(a) − f−(a),a)
whih are setions. Then one denes (f±)∗ = (f ′±)∗.
Sine HP
0
is also split-exat in eah variable (now the splitting is required to be bounded
sine we onsider yli ohomology assoiated to bornologial algebras), the denition
makes perfetly sense for yli homology. We have thus dened natural transformations
(f±)∗ : HP(B,−)→ HP(A,−)
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and
(f±)∗ : HP(−,A)→ HP(−,B).
Moreover, these ome from a bivariant element f± ∈ HP(A,B) sine HP(A,D ′) = HP(A,B)⊕
HP(A,A) and f+ − f− ∈ HP(A,B) ⊂ HP(A,D ′).
Furthermore, the fat that (f+)
∗
and (f−)
∗
in yli ohomology are dual to (f+)∗ and
(f−)∗ in K-theory implies that (f±)∗ is dual to (f±)∗.
We now want to desribe ways of produing quasi-homomorphisms out of quasi-homo-
morphisms. First, one may tensor a speial quasi-homomorphism f± : A⇒ D⊲ B with a
bornologial algebra F (it need not be speial if the algebra F is nulear, anyway) to obtain
the speial quasi-homomorphism f± ⊗ 1 : A⊗ F⇒ D⊗ F⊲ B⊗ F.
Seond we want to desribe the operation of taking rossed produts of quasi-homomor-
phisms with a group G. We will disuss rst the ase where the quasi-homomorphism
f± : A⇒ D⊲ B is made of algebras of the form (nite matries over) C∞

(M) where M is
equipped with a smooth ation of the onneted Lie group G. First we dene this operation
on the level of bornologial vetor spaes as C∞

(G) ⊗̂−, the ompleted bornologial tensor
produt with the algebra C∞

(G), endowed with the preompat (=bounded) bornology.
Then sine C∞

(G) ⊗̂ C∞

(M) ∼= C∞

(G ×M), whih is the vetor spae of the smooth
onvolution algebra of the groupoid G⋉M, the split short exat sequene 0→ A→ D ′ →
B→ 0 is in fat mapped to a split short exat sequene of algebras 0→ G⋉A→ G⋉D ′ →
G⋉ B→ 0 by the distributivity of ⊗̂ and ⊕. This proves
Lemma 42. A speial quasi-homomorphism f± : A ⇒ D ⊲ B of nite matrix alge-
bras of smooth funtion algebras of smooth G-manifolds indues a speial quasi-
homomorphism G⋉ f± : G⋉A⇒ G⋉D ′ ⊲G⋉ B.
The ondition of this lemma, of ourse, does not seem very beautiful. However, we wish
to reah our goal without getting involved in too many funtional-analyti ompliations.
Remark 43. Forgetting bornologies, one may in a straightforward manner assoiate to the
G-equivariant and not neessarily speial quasi-homomorphism A⇒ D⊲B of G-algebras,
G being a group, a quasi-homomorphism G ⋉ A ⇒ G ⋉ D ⊲ G ⋉ B. Algebraially, the
assoiated speial quasi-homomorphism G ⋉ A ⇒ (G ⋉ D) ′ ⊲ G ⋉ B is then equal to
G⋉ A⇒ G⋉D ′ ⊲ G⋉ B. This justies that we only take bornologial rossed produts
of speial quasi-homomorphisms.
The seond way of taking rossed produts is with disrete groups Γ . Here the situation
is even simpler beause on the bornologial vetor spae level we merely need to tensor
with CΓ endowed with the ne bornology, yielding the algebrai tensor produt. We an
thus assoiate to a not neessarily speial equivariant quasi-homomorphism A ⇒ D ⊲ B
of Γ -algebras, where Γ ats by bounded automorphisms, a quasi-homomorphism Γ ⋉ A⇒
Γ ⋉D⊲ Γ ⋉ B.
4.2 The smooth Dira-dual Dira method 65
4.2.2 Some preliminaries on Cuntz' piture of KK-elements
Denition 44. In order to deal with homotopies of quasi-homomorphisms, we need to
introdue the q-piture of quasi-homomorphisms due to Cuntz ([19℄).
Let A be a omplex algebra. QA is dened as the free produt A ∗A, i. e. the free algebra
on the elements of two opies of A, divided by the relations oming from the multipliation
in the two opies. As QA satises the universal property that the data of an algebra map
QA→ B is the same as the data of two homomorphisms A→ B, there is a map QA→ A
oming from twie the identity A→ A. Let qA denote the kernel.
We put bornologies on these algebras as follows: Reall that the algebrai QA ∼= A ∗ A
is isomorphi to A ⊕ A ⊗ A ′ ⊕ A ′ ⊗ A ⊕ A ⊗ A ′ ⊗ A ⊕ . . . , a diret sum of alternating
tensor produts of the algebra A and a opy A ′. Consider the bornology generated by all
sets of the form S1 × · · · × Sn in an n-fold tensor produt, where all Si are small in A
or A ′. Its bornologial ompletion is then A ⊕ A ⊗̂ A ′ ⊕ . . . , a diret sum of ompleted
tensor produts. So the tensors are ompleted, the diret sum isn't. This gives a omplete
algebra, beause all S1 × · · · × Sn are ompletant.
In the sequel, we shall make use of the fat that HP and HA satisfy exision for
extensions with a bounded linear setion (for HP, this is shown in [20℄, for HA this is
proved in [38℄).
Proposition 45.
1. There are inlusions ι
1
, ι
2
: A → QA suh that given arbitrary bounded algebra
homomorphisms f
1
, f
2
: A→ D there is a unique bounded algebra homomorphism
f
1
∗ f
2
: QA→ D that makes the diagram
A
ι
1 !!B
BB
BB
BB
B
ι
2
!!B
BB
BB
BB
B
f
2
 



f
1 



D QA
f
1
∗f
2
oo
ommute.
2. qA is funtorially HA- and HP-equivalent to A.
The rst part of the proposition says that QA has in the omplete bornologial ategory
the universal property that arbitrary pairs of algebra maps f
1
, f
2
: A → D orrespond
bijetively to bounded algebra maps f
1
∗ f
2
: QA→ D.
Proof.
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1. The map
A⊗j → D,a
1
⊗ · · · ⊗ aj 7→ f1(a1)f2(a2)f1(a3) . . . f
1+(j mod 2)(aj)
is the omposition of f
1
⊗· · ·⊗f
1+(j mod 2) with algebra multipliation, thus bounded.
So in fat there is QA→ D with the required properties, whih learly is unique, too
2. The proof is ompletely analogous to the proof that for a C∗-algebra B there is an
invertible element in KK(qB,B). In fat, the homotopy used in [19℄ only onsists in
multiplying funtions suh as sin t or os t on the algebra. They therefore merely
require the use of an algebrai tensor produt A→ A⊗C∞[0, 1], not of a ompletion.
So we dispose of the required homotopy invariane in HA. In short, the smoothness
requirement for homotopy invariane is largely satised.
Let us write down the argument in our situation. Dene a map from QA to A ⊕ A
by ι
1
∗ ι
2
where ι
1
and ι
2
are the inlusions A → A ⊕ A, and a map from A ⊕ A ∼=
diag(A,A) to M
2
(QA) by the inlusion, using the two embeddings A → QA. Then
the omposition QA → A ⊕ A → M
2
(QA) is homotopi to the upper-left-orner
embedding QA → M
2
(QA). In fat, take the path from A → diag(0,A) to A →
diag(A, 0). This gives a path between the two maps QA→M
2
QA : diag(id∗0, 0∗ id)
and diag(id∗id, 0), the latter map being the upper-left-orner embedding. This proves
that the map A⊕A→ QA is surjetive in HA and in HP. Seond, by deomposing
M
2
(A⊕A) as M
2
(A)⊕M
2
(A) and rotating the latter entry to the rst oordinate,
one also sees that this map is injetive.
By exision, this implies that qA is HA-equivalent and HP-equivalentto A. The
existene of a bounded linear setion is automati.
Moreover, an equivalene is given by the map qA→ A dened by restrition of id ∗0
to qA ⊂ QA.
In the following lemma, the word funtorial shall refer to funtoriality in algebra
maps A→ B.
Lemma 46. Let A be a omplete bornologial algebra endowed with a bounded ation
of a disrete group Γ . Then QA and qA ome with funtorial ations as well. Fur-
thermore, there is a funtorial homomorphism θ : q(A⋊Γ)→ (qA)⋊Γ whih is an HP-
and HA-equivalene.
Proof. The rst statement is lear from the funtoriality of the onstrution of QA and
qA.
The two anonial homomorphisms A → QA are Γ -equivariant, so they pass to two ho-
momorphisms A⋊Γ → (QA)⋊Γ . By the universal property of QA, this gives rise to a
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homomorphism ϑ˜ : Q(A⋊Γ)→ (QA)⋊Γ . Dene ϑ as its restrition to q(A⋊Γ).
Consider the morphism of short exat sequenes
0
// q(A⋊Γ) //
ϑ

Q(A⋊Γ) //
ϑ˜

A⋊Γ //
0
0
// (qA)⋊Γ // (QA)⋊Γ // A⋊Γ //
0.
By exision, it sues to prove the statement that ϑ˜ is an HA- and HP-equivalene. Again,
the existene of a bounded linear setion is automati.
It is a lassial fat that the obvious homomorphism A ⊕ A → QA is an HA- and HP-
equivalene. The proof only uses funtorially dened homotopies, so it passes to an analo-
gous statement for the homomorphism (A⊕A)⋊Γ → (QA)⋊Γ . Consider the isomorphism
(A⋊Γ)⊕ (A⋊Γ)→ (A⊕A)⋊Γ . The following diagram ommutes
Q(A⋊Γ)
ϑ˜

(A⋊Γ)⊕ (A⋊Γ)oo

(QA)⋊Γ (A⊕A)⋊Γ .oo
So ϑ˜ has the desired property beause all other three maps have it.
4.2.3 Algebrai and analyti Morita equivalenes
We now want to state two lemmas onerning ompatibilities of various isomorphisms
indued by Morita equivalenes. These frequently arise throughout this thesis, as it has
already beome lear in the parts onerning KK-theory, and they will beome even more
important in the sequel. The ontent of this subsetion is basially a reformulation in
our ontext of the notion of Morita equivalene developed in [21℄, as well as of the results
ontained therein and in [22℄.
The rst lemma is about the invertible elements in HP and HA indued by the Morita
equivalenes, the seond one assures that in the ase the algebras are strongly equivalent
C∗-algebras the isomorphism in analyti yli homology oming from the rst lemma
and the fat that HA = HL on C∗-algebras is ompatible with the one oming from the
invertible KK-element as desribed by Kasparov, under the Chern harater.
As always, we work in the ategory of omplete bornologial algebras.
Let us rst reall how algebrai Morita equivalenes are dened and how they indue
isomorphisms in yli homology. Goodwillie's theorem states that, if
0→ I→ A→ B→ 0
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is an extension with linear setion, then
Â := lim←−A/I
n → A/I = B
indues invertible elements in HP∗ and HA (the original referene is [26℄, in our ontext,
a proof for HP is given in [22℄, for HA in [38, 3.1.7℄). A Morita ontext for two algebras
A and B is an algebra of the form D =
(
A E
F B
)
, i. e. an algebra D with a splitting into
four linear subspaes suh that if the elements are written as matries multipliation is
ompatible with matrix multipliation. A Morita ontext D indues a Morita equivalene
between A and B if A ∼= D(FE) i. e. if in A is dense the linear subspae inside D generated
by all produts ef, e ∈ E, f ∈ F and similarly B ∼= D(EF).
For example there is a Morita ontext between A and A ⊗ ℓp, where ℓp = ℓp(H) is
the algebra of ompat operators on a Hilbert spae H with a p-summable sequene of
harateristi values, given by A ⊗ ℓp(H ⊕ C). The other and more important Morita
equivalenes that we will use throughout this thesis will all be based on the following
form. Let X be a possibly nonompat Riemannian manifold, and G a Lie group right-
ating on X in a smooth, free and proper, but not neessarily oompat way. Sine we do
not suppose G to be onneted, this also inludes the ase of a disrete group ating on X.
Then the algebras A = C∞

(X)⋊G and B = C∞

(X/G) t into a Morita ontext D =
(
A E
F B
)
where E = F = C∞

(X). The multipliation formulas are expliitly given in [42℄, but there
is a more oneptual way to see that D is a Morita ontext. Reall that two C∗-algebras N
and H are said to be (strongly) Morita-equivalent if there is a full Hilbert H-module E suh
that N is isomorphi to the C∗-algebras of ompat operators K(E) on E ([8, 13.7.1(b)℄).
This is in fat an equivalene relation. It follows that H is Morita equivalent to the ompat
operators on its Hilbert module E⊕H, the orthogonal diret sum of E and H viewed as a
Hilbert module over itself. K(E⊕H) deomposes as a diret sum
K(E⊕H) ∼= K(E)⊕K(E,H) ⊕K(H,E)⊕K(H) =
(
N K(H,E)
K(E,H) H
)
.
In the ase where H is the C∗-ompletion C
0
(X/G) of C∞

(X/G) and N is the C∗-ompletion
C
0
(X) ⋊
r
G of C∞

(X)⋊G, the Hilbert module E over H = C
0
(X/G) is the Hilbert module
of ontinuous setions of the following Hilbert spae bundle over X/G. The ber over
xG ∈ X/G is the Hilbert spae L2(xG) on the ber xG ⊂ X of X → X/G with respet
to the measure given by the Riemannian metri. The ation of H on E. So E is a set of
(equivalene lasses of) funtions on X. One then has in fat that the ompat operators
on this Hilbert module is the set of ontinuous setions of the C∗-algebra bundle over
X/G whose ber over xG is the C∗-algebra of ompat operators on the Hilbert spae
L2(xG) on the ber. This C∗-algebra of setions readily identies with the C∗-algebra
G = C
0
(X) ⋊
r
G by indiating ovariant representations of the pair (C
0
(X),G) on eah
ber in the straightforward way that C
0
(X) ats by pointwise mulipliation on E, whih
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is, as we have said, a set of funtions on X, and letting G at on the funtions on X by right
translations. (Caution: This is a representations by unitary operators in eah ber, not
by ompats, but the image of the representation of the rossed produt indued by the
ovariant pair is the ompat operators in eah ber.) So we have found a Hilbert module
E over C
0
(X/G) suh that C
0
(X)⋊
r
G ∼= K(E). Now dene a bounded injetive linear map
D =
(
A E
F B
)→ K(E⊕H)
as follows. The maps A→ G and B → H are the inlusions of the dense subalgebras into
their C∗-ompletions. The map X→ K(B,E) is given by
X× B ∋ (x,b) 7→ xb ∈ E,
the map X→ K(E,B) is given by
X× E ∋ (x,ξ) 7→< x,ξ >∈ B.
After heking that this is an injetion of D into K(E ⊕ H) and that the image is a
subalgebra, this denes an algebra struture on D, and one readily heks that D is a
Morita ontext.
There are ertain ways of manufaturing from a Morita ontext another one. If D is a
Morita ontext between A and B, and J is another omplete bornologial algebra, then
J ⊗̂ D is a Morita ontext between J ⊗̂ A and J ⊗̂ B. Seond, suppose in the example
above that there is given a smooth left ation of a disrete group Γ on X that ommutes
with the right ation of G. Then one veries without diulties that Γ⋉D is a Morita
ontext between Γ⋉A and Γ⋉D. More generally, whenever A and B are Morita-equivalent
Γ -algebras via a Morita ontext D whih is also a Γ -algebra suh that the inlusions of A
and B into D are equivariant, then Γ⋉D is a Morita ontext between Γ⋉A and Γ⋉B.
This nishes the explanation of the Morita ontexts that indue the Morita equivalenes
used in this thesis.
Let us now turn attention to how and why a Morita ontext indues invertibles in HP and
HA. Apply Goodwillie's theorem to the extension
0→ Ker(T(E⊗ F))→ A)→ T(E⊗ F)→ A→ 0
where TK is the tensor algebra of a vetor spae K, and E⊗F is the algebrai tensor produt
over C of E and F. The map T(E ⊗ F) omes from the obvious linear map E ⊗ F → A by
the universal property of the tensor algebra. Denote by T̂(E ⊗ F) the adi ompletion
lim←− T(E⊗ F)/(Ker(T(E⊗ F)→ A))
n
of T(E⊗ F) with respet to the adi ltration dened
by the kernel of this extension. Then HP and HA of T̂(E⊗F) are those of A by Goodwillie's
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theorem.
Consider the operator φ of yli permutation of tensor produts
φ : T(E⊗ F)→ T(F⊗ E) : e
1
⊗ f
1
. . . ek ⊗ fk 7→ fk ⊗ e1 ⊗ f1 ⊗ · · · ⊗ ek.
The next lemma involves the X-omplex, as dened, for instane, in [22℄.
Lemma 47. The map φ passes to an isomorphism φ̂ : T̂(E ⊗ F) → T̂(F ⊗ E), and
furthermore to a homotopy equivalene X(T̂(E ⊗ F)) → X(T̂(F ⊗ E)). Consequently,
there is an invertible element in HP
0
(A,B).
Seond, in the ase of the Morita ontexts given above, the same is valid in analyti
yli homology.
Proof. The rst part of the lemma is proved in [21℄. The seond part of the lemma is
proved in [42℄ in the ase of the Morita equivalene between C∞

(X)⋊G and C∞

(X/G)
and the equivalenes derived from these by one of the operations desribed above. The
Morita equivalene between A and A ⊗̂ ℓp is the stability statement of HA and proved in
[38, 3.2.3℄.
The next lemma involves the bivariant loal yli homology HL∗ of C∗-algebras, as
dened by Mihael Pushnigg (see [43℄ and the introdution). The fats that HL has a
bivariant Chern-Connes harater and that HL∗ ∼= HA∗ on C∗-algebras give a very useful
way to ompute analyti yli homology of C∗-homology (and in many ases, it seems
that this is the only one, sine HA does probably not possess a bivariant Chern-Connes-
harater). It implies that HA∗ oinides on strongly Morita equivalent C∗-algebras. We
now want to show that this Morita equivalene isomorphism is ompatible with the one
given by the preeding lemma.
Lemma 48. Let X be a smooth Riemannian manifold with a smooth, free and proper
ation of the not neessarily onneted Lie group G. Then the algebrai Morita-
equivalene C∞

(X)⋊G ∼ C∞

(X/G) is ompatible in K-theory with the C∗-algebrai
strong Morita equivalene C
0
(X)⋊Γ ∼ C
0
(X/Γ) in the sense that the following diagram
ommutes.
HA
0
(C∞

(X)⋊G)
Morita ∼=

i∗ //
HA
0
(C
0
(X)⋊G)
Morita ∼=

HA
0
(C∞

(X/G))
i∗ //
HA
0
(C
0
(X/G)),
where the right arrow is indued from the isomorphism with loal yli homology
and the invertible KK-Morita-element as explained above.
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Proof. We shall use the nomenlature and maps desribed in the introdution of this
seubsetion. By onstrution, there is a ommutative diagram of inlusions
N // K(E⊕H) Hoo
A //
OO
D
OO
Boo
OO
So the laim is proved if we an show that the two arrows in the rst line are invertible in
KK, that their omposition indues the invertible Morita element in KK(N,H), and anal-
ogously in the lower line that both arrows are invertible in HA and that their omposition
indues the invertible Morita element in HA(A,B).
Let us abbreviate K(E,H) by K. This K is itself Morita-equivalent to H, and the inlusion
H → K is inverse to the Morita element in KK(K,H). This follows from the fat that
the Morita element is represented by the K − H-bimodule E ⊕ H and the zero operator,
and the inlusion is represented by the H −K-bimodule K. So the omposition over K is
represented by the H − H-bimodule K ⊗K (E ⊕ H) ∼= E ⊕ H, where both H at by zero
on E. This desribes the sum of 1 ∈ KK(H,H) with a degenrate yle, in other words
1 ∈ KK(H,H). Sine we already know that the Morita element is invertible, the inlusion
must be its inverse. A similar alulation applies to the other arrow of the rst line, and so
their omposition desribes the Morita element of KK(A,B) by the transitivity property
of the onstrution.
The statement for the seond line follows from the similar fat that D is Morita equivalent
to A beause there an be written down an obvious 3 × 3-Morita ontext linking them,
and the equivalene is indued by the orner embeddings.
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Let W be a nite-dimensional representation spae of a ompat torus T . We shall
now show that there is also a smooth version of the Dira and dual Dira-elements in
KK
T
dimW(C,C0(W)) resp. KK
T
dimW(C0(W),C), represented by quasi-homomorphisms
β : C⇒ C∞(W)⊗M
2
⊲ C∞

(W)⊗M
2
,
α : C∞

(W)⇒ L(L2W)⊲ ℓp(L2W)⊗M
2
For W we will take B/T × V (reall that B/T is T -equivariantly dieomorphi to b/t, see
[35℄), where V is the manifold R if q = dimB−dim T is odd, the one-point-spae otherwise.
V is equipped with trivial G- and B-ations. We introdue this V in order to assure that
we are dealing with an even KK-yle.
The ations of B on B/T used to dene the rossed produts are not the right ones. In
fat they are dened in suh a way that they fator through T .
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The T -equivariant dual-Dira element for B
Consider the lassial equivariant Bott element for the even-dimensional vetor spae B/T×
V assoiated to the hosen T -equivariant Spinc-struture as dened by Atiyah ([4℄). It is
an element in K
0
T (B/T×V), the equivariant K-theory with ompat support of B/T×V and
an thus be represented as (and is in fat most easily dened as) a T -equivariant omplex
(E•,∂•) of hermitian vetor bundles. We may assume that the omplex is of length one
([3℄)
0
// E0
φ // E1 // 0 .
More preisely, onsider the equivariant even and odd spinors suh that the bundle of
Cliord algebras of T∗(B/T×V), the otangent vetor bundle, is the endomorphism bundle
of the spinors. We may hoose E0 to be the even equivariant spinors, E1 as the odd ones
and the operator between both to be multipliation with the radial vetor eld. This
means onsider the distane funtion d(0,−) assoiated to the (T -invariant) Riemannian
metri. Then the radial vetor eld is the dierential of the funtion
√
1 + d(0,−)2, and it
an be viewed as a setion of the Cliord algebra bundle, ating on the spinors by Cliord
multipliation.
We now want to translate this desription of the Bott element, following Atiyah, into the
idempotent piture of K-theory. To this end, onsider the hermitian vetor bundle E0⊕E1
over B/T × V and the subbundle given by the graph {(v ⊕ v ′) : π(v) = π(v ′),φ(v) = v ′}.
There is in the endomorphism bundle of E0⊕E1 a anonial setion given in eah ber by
orthogonal projetion onto the graph. It is a family ex, x ∈ B/T × V of idempotents ex ∈
Mn C
∞(B/T × V), alled the graph projetion. This is now a T -equivariant element, and
one of the elements dening the same K-theory element as the equivariant Bott element. It
remains to subtrat the formal dimension of the idempotent. In order to give the dierene
ompat supports, we proeed as follows. The proedure is desribed in [41℄, and we will
give a short synopsis here. Denote by e∞ the onstant family given by the idempotent
limx→∞ ex of the family (ex) at innity. We want the dierene (ex)−e∞ to have ompat
support. Sine this only holds approximately, we have to ut down (ex) − e∞ to zero by
a funtion χ taking the value 1 on the ompat set and zero outside a larger ompat set.
The resulting matrix-valued funtion is an idempotent inside the small ompat set and
outside the large one. However, the dierene to an idempotent in the annulus between
the two is small. This problem is solved by appliation of funtional alulus with the
funtion
f : x 7→ x+
∞∑
k=0
(
x−
1
2
)(
x− x2
)k
known from the formula for the Chern harater with values in the X-omplex, applied to
the funtion χ× (ex). In fat, the smallness of the dierene between the two idempotents
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implies that the power series onverges. If an idempotent is plugged in, the funtion is
the identity. This implies that f(χ(ex)) is an idempotent everywhere. So the funtion
(ex) − e∞ has ompat support. Moreover, the T -equivariane is preserved by elementary
reasons by funtional alulus.
So dene
βT+ : C→Mn(C∞(B/T × V))
by the family f(χ(ex)) of idempotents, and similarly β
T
− by the onstant family (e∞). Thus
the map C→Mn C∞(B/T × V) dened by βT+ − βT− takes its values in Mn C∞ (B/T × V).
So by onstrution the beta quasi-homomorphism
βT : C→Mn C∞(B/T × V)⊲Mn C∞

(B/T × V)
is dened and T -equivariant.
The B-equivariant Dira element for B
We are rst going to dene a smooth version of the invertible element in KK
B
0
(C
0
(B/T ×
V),C).
In ontrast to the dual-Dira element, the Dira operator is equivariant with respet to
the entire non-ompat group B.
Reall that B/T × V is endowed with a T -invariant Riemannian metri, and that we may
assume that there exists a T -equivariant Spinc-struture on B/T × V . Denote by Spin+
and Spin− the bundles of positive resp. negative spinors, and by ∂/ the Dira operator from
setions of Spin+ to Spin−. Consider the operator D/ =
(
0 ∂/∗
∂/ 0
)
, being an endomorphism
of the setions of the diret sum Spin± of positive and negative spinors.
The spinors are a hermitian vetor bundle, so we may onsider the Hilbert spae H =
L2(B/T × V ,Spin±) of square-integrable setions of Spin±. H omes with a anonial
representation ρ of C
0
(B/T × V) by pointwise multipliation. Spin± is a B-equivariant
vetor bundle sine B ats from the left on B/T , and thus on B/T × V , by translations.
Thus B also ats on H. Furthermore, denote by ǫ : H → H the grading operator oming
from the grading of the spinors. The expression
F =
D/ + ǫ · 1√
(1 +D/ 2)
,
is well-dened as the omposition of (the ommuting operators) D/ + ǫ · 1 and the result
of funtional alulus of
1√
(1+x2)
with the essentially self-adjoint unbounded operator(
0 ∂/∗
∂/ 0
)
. Using that ǫ and D/ antiommute, one easily heks that F2 = 1. Consider the
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two expressions
C
0
(B/T × V) → L(H)
ρ+ : f 7→ 1+ǫ
2
ρ(f)1+ǫ
2
ρ− : f 7→ F1−ǫ
2
ρ(f)1−ǫ
2
F.
These are bounded algebra homomorphisms, given that ρ is grading-preserving and there-
fore ommutes with the projetions. The following proposition is based on a lassial result
of Weyl.
Lemma 49. For every real p > dimB/T suh that the dierene ρ+−ρ− : C0(B/T×V)→
K(H) restrited to the dense subalgebra C∞

(B/T ×V) takes its values in the Shatten
ideal ℓp(H) of ompat operators with p-summable harateristi values.
Proof. F is a ompat perturbation of an odd operator
D/√
1+D/ 2
(see [16℄).
This is very useful to us, beause the periodi yli ohomology of ℓp (see [22℄) is not
degenerate, in ontrast to that of K.
The lemma implies that the pair of morphisms ρ+ and ρ− denes a quasi-homomor-phism
αB = ρ± : C∞

(B/T × V)⇒ L(H)⊲ ℓp(H),
whih by the homogeneity of the onstrution is B-equivariant. (B ats on H = L2(B/T ×
V ,Spin±) by onjugation)
4.2.5 The proof of equivariant Bott periodiity in analyti yli homology
We now want to prove that α and β are T -equivariantly inverse to eah other. More
preisely , we want to homotop between α◦β and the identity resp. β◦α and the identity
by a path of equivariant homomorphisms. A seond and quite dierent proof, relying on
the realization of the Dira morphism as a deformation, is given in the appendix.
Theorem 50 (Equivariant Bott periodiity, smooth version). LetW be an even-dimensional
Eulidean vetor spae. Consider the omposition
Mnα ◦ qβ : q2C→ q(Mn(C∞

(W)))→ ℓpW ⊗Mn
of Mnα with qβ.
Consider furthermore the anonial homomorphisms q2C → qC → C → ℓp oming
twie from (id ∗ 0 : QC→ C)|qC (whih indue, as we have shown, isomorphisms) and
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the anonial projetor onto a L2-solution of the Dira operator.
Then the following diagram ommutes up to smooth homotopy.
q2C
α◦qβ //
  B
BB
BB
BB
B
ℓp
C
??
Furthermore, suppose W is equipped with an isometri ation of the ompat Lie
group T suh that our standing assumption that the representation T → SO(W) lift
to Spinc is satised. Let T at on L2 = L2W as left translation operators and on
ℓp = ℓpL2W by onjugation.
Suppose the map C→ ℓp is given by the projetion onto a T-invariant solution of the
Dira operator. Then the diagram ommutes up to smooth homotopy through a path
of T-invariant homomorphisms.
To prepare for the proof, we state the following
Lemma 51. Let e and f be projetions in L(H), suh that e− f is ompat. Then e is
smoothly homotopi to a projetion e′, suh that the intersetion of e′H and fH has
nite odimension in e′H as well as in fH. If e and f are invariant under a linear
ation of a group on H, then so are e′ and the homotopy joining them. If e− f ∈ ℓp,
then so is the path between e− f and e′ − f.
Proof. Let v = (2e− 1)(2f − 1) − 1. Then v is ompat and normal. Let w ′ = 2 + v. Let
nally p be a spetral projetion of nite rank to v, whih is hosen in suh a way that
the norm of 2 −w(t), w(t) = 2 + ((1 − t) + tv(1 − p)), t ∈ [0, 1], is smaller than 2. Then
w(t) is invertible. We have w(0) = 3 and the rank of w(1) −w ′ is nite. By onstrution,
(2e − 1)w ′ = w ′(2f − 1), so the rank of ew(1) − w(1)f is nite. Conjugation with the
family of invertibles w(t), t ∈ [0, 1], gives a homotopy of idempotents between e and an
idempotent e(1), suh that e(1)− f has nite rank. Possibly after appliation of funtional
alulus, one may assume that e(t), t ∈ [0, 1], are projetions.
If e and f are invariant under a group ation, then so are all operators thus onstruted.
Let nally H ′ = Ker(e(1) − f). This is a subspae of nite odimension in H. One readily
heks that e(1)H ′ = fH ′ = H ′′ is a subspae of nite odimension in e(1)H as well as in
fH. For e′ one takes orthogonal projetion onto H ′′.
The last assertion follows from the fat that only nitely many harateristi values are
onerned.
The next lemma provides the ruial anellations neessary to make the map q2C→ ℓp
fator through C.
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Lemma 52. Let f ∗ f ′ : A → B ⊲ C be a quasi-homomorphism, and let Ψ : A → B be a
homomorphism suh that (Im f)(ImΨ) = 0, i. e. suh that both homomorphisms are
orthogonal, and similar for f ′ and Ψ.
Then (f + Ψ)(f ′ + Ψ) oinide as homomorphisms qA→ C with (f ∗ f ′).
This holds in the ategory of abstrat algebras as well as in that of omplete bornolog-
ial ones.
Proof. Sine (f + Ψ) ∗ (f ′ + Ψ) = (f ∗ f ′) + (Ψ ∗ Ψ) on QA, this follows from Ψ ∗ Ψ = 0 on
qA. This in turn follows from the exatness of 0→ qA→ QA→ A→ 0 together with the
fat that Ψ ∗ Ψ = Ψ ◦ (id ∗ id).
Corollary 53. Consider a map q2C→ A represented by four idempotents (e
0
∗e
1
∗e
2
∗e
3
).
Upon omposing with A→M
2
A, this map is smoothly homotopi to the one given by
the permuted set (e
0
∗e
2
∗e
1
∗e
3
), and analogously for the permuted set e
3
∗e
1
∗e
2
∗e
0
.
When all data are equivariant w.r.t. a group ation, then so is the homotopy.
Proof. The omposition with A → M
2
A has the eet that we may assume, by rotating(
e
1
0
0 0
)
to
(
0 0
0 e
1
)
, that both e
0
and e
2
are orthogonal to both e
1
and e
3
, and similarly for
e
3
.
Now we apply the following steps to the quasi-homomorphism (e
0
∗e
1
) ∗ (e
2
∗e
3
). We rst
add (e
1
∗ 0) + (0 ∗ e
2
) to obtain ((e
0
+ e
1
) ∗ (e
1
+ e
2
)) ∗ ((e
2
+ e
1
) ∗ (e
3
+ e
2
)). Now we may
on the left hand side subtrat (e
1
∗ e
1
), and on the right hand side (e
2
∗ e
2
), using again
the lemma.
Let us now shift interest bak to the dual Dira morphism qC∞

(R2)→ ℓp(L2R2)⊗M
2
.
Proof (of the theorem). We want to show that the omposition indues an invertible el-
ement in HA, and we want the proof to be suiently general to apply also when all
algebras are tensored with another one, whih also has a torus ation, and when we take
rossed produts with T .
First we observe that the Dira morphism extends to the unitalization of C∞

(R2) to give a
map q(C∞

(R2))+ → ℓp(L2R2)⊗M
2
and that we may assume that the two vetor bundles
give idempotents on the sphere whih are both onstant in a neighborhood of the north
pole ∞ suh that they yield a map QC → (C∞

R2)+. The resulting map QC → L ⊗M
2
is then given by four idempotents (e
0
∗ e
1
∗ e
2
∗ e
3
) where e
0
= p
1
Vp
1
, e
1
= p
1
V ′p
1
, e
2
=
Fp
2
Vp
2
F, e
3
= Fp
2
V ′p
2
F. V and V ′ denote the projetions onto the two vetor bundles,
and p
1
and p
2
the two projetions onto the graded piees of the Hilbert spae.
Denote for simpliity L ′ = L⊗M
2
.
The proess of assuring that (e
0
, e
1
) ⊥ (e
2
, e
3
), as required by the foregoing orollary
has the eet that we have to deal with two homomorphisms Q2C → L ′ ⊗M
2
, repre-
sented by a quadruple of idempotents whih we shall, by abuse of notation, also denote
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by (e
0
∗ e
1
∗ e
2
∗ e
3
). If we restrit to q2C → L ′ ⊗M
2
, the orollary says that this map
oinides with the one represented by (e
0
∗ e
2
∗ e
1
∗ e
3
). This is the same as the restrition
of a map Q2C → L ′ ⊗M
2
, given by the same quadruple. The latter homomorphism, in
turn, is homotopi to a homomorphism Q2C → L ′ → L ′ ⊗M
2
, i. e. a left-upper-orner
embedding. So the restrition to q2C is a quasi-homomorphism qC⇒ L ′ ⊲ L ′.
The two homomorphisms qC→ L ′ now are in fat homomorphisms qC→ ℓp⊗M
2
beause
they are quasi-homomorphisms C⇒ L ′ ⊲ ℓp ⊗M
2
by Weyl's theorem.
In other words, we have a pair of homomorphisms qC → ℓp ⊗M
2
, whih is a homomor-
phism QqC → ℓp ⊗M
2
. With the help of lemma 51 and the anellation lemma, this
homomorphism even fators through M∞ ⊗M2 ⊂ ℓp ⊗M2.
In the following, we shall make use of the easily heked fat that two irreduible subrepre-
sentations (so that they are both 2-dimensional) of a nite dimensional real representation
of T an be homotopped equivariantly until they oinide, if and only if they have the same
weights (χ
1
, . . . ,χn) ∈ Zn if T = (S1)×n. This is beause the representation spae splits
into a sum over all weights, and in eah weight spae, all irreduible invariant subspaes
have same weight.
By repeated appliations of the two lemmas, we may thus replae our quadruple by a
quadruple (e ∗ f ∗ 0 ∗ 0), where for eah weight χ ∈ Zn, it either does not our as a
subrepresentation of the image of e or f, or it ours in e, or in f, but not in both. We set
n(χ) = 0 in the rst ase, n(χ) = the omplex dimension of the subrepresentation of e in
the seond, and n(χ) = minus the omplex dimension of the subrepresentation of f in the
third.
It remains to identify these integers. This an be done by passage to the C∗-ompletion.
In fat, observe that (e
1
∗ · · · ∗ e
3
) denes an element in KKT (C,C), and by onstru-
tion of the Dira-dual Dira element, this element is the unit of the representation ring
R(T) = KKT
0
(C,C). This follows beause α and β dened exatly the invertible elements in
KK
T (C,C
0
(R2)) and KKT (C
0
(R2),C) given by equivariant Bott periodiity after passage
to the C∗-ompletion. The fat that R(T) is generated freely by all suh χ allows to dedue
from β ⊗ α = 1 ∈ KKT (C,C) that n(0) = 1 and n(χ) = 0 if χ 6= 0. On the other hand
[e]−[f] denes the same element in R(T). This proves that e is a one-dimensional projetor
onto an representation of weight 0, and f = 0.
The map e ∗ 0 ∗ 0 ∗ 0 is exatly the desription of the map q2C → ℓp ⊗Mn that fators
through C.
Thus this map does fator through C, as was the laim.
It remains to generalize from the representation R2 to W. In the entire sequel, the follow-
ing argument allows to redue to R2. The representation of T on W = B/T ×V splits into
a diret sum of irreduibles, and the desired element in HA
0
((A ⊗̂ C∞

(W))⋊T ,A⋊T) is a
omposition of elements indued from quasi-homomorphisms, one for eah irreduible one.
The onstrution then also allows to take rossed produts with B, as long as the ation
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fators through T .
4.3 The proof that α and β are inverse isomorphisms on HA of the
rossed produt
We have shown that α◦β : HA(A⋊B)→ HA((A⊗̂C∞

(W))⋊B)→ HA(A⋊B) is the identity
whenever the representation of B on W fators through T . In this setion, we set the goal
to get rid of that ondition.
As a onsequene of the theorem, we may tensor the ommuting triangle diagram (bornolog-
ially) with C∞

(G), take B rossed produts, and we may take Γ -rossed produts to obtain
a diagram whih ommutes up to smooth homotopy.
For the following orollary, remember that B always ats on B/T × V via B→ T→ T .
Corollary 54. The elements
β ∈ HA
0
(Γ⋉C∞

(G)⋊B, Γ⋉(C∞

(G× B/T × V)⋊B)
and
α⊗Morita, where
α ∈ HA
0
(Γ⋉(C∞

(G× B/T × V)⋊B, Γ⋉(C∞

(G) ⊗̂ ℓp)⋊B) and
Morita ∈ HA
0
(Γ⋉(C∞

(G) ⊗̂ ℓp)⋊B, Γ⋉C∞

(G)⋊B)
satisfy β⊗ α⊗Morita = 1. Furthermore, β is injetive, α is surjetive in HA∗.
Proof. We apply the theorem to W = B/T × V . So rstly, the omposition
HA(C,C∞

(B/T × V)⊗ HA
0
(C∞

(B/T × V , ℓp)
maps β⊗ α exatly to the element in HA(C, ℓp) oming from C→ ℓp i. e. to Morita.
Now we may take the indution from B to G and the Γ -desent of the diagram. More
preisely, we have desribed how to obtain from a quasi-homomorphism a new one taking
bornologially omplete tensor produts or desents. Thus we have desribed the operation
of sending a quasi-homomorphism x as in the diagram to Γ⋉(C∞

(G) ⊗̂ x)⋊B.
Now the homotopy, if given as q2C 7→ ℓp ⊗̂C∞[0, 1] an be taken the same proess beause
it is given by a path of T-invariant homomorphisms.
Finally, the algebra C∞[0, 1] an be pulled out of the B and Γ -rossed produts beause
the ation deomposes as a tensor produt ation suh that the one on C∞[0, 1 is trivial.
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So C∞[0, 1] an be pulled out on vetor spae level by the assoiativity of the ompleted
bornologial tensor produt and this is an algebra map as well, thus yielding the requisite
homotopy.
4.3.1 A two-step retration from B→ T through group homomorphisms
The goal of this setion is to introdue the group retration that will allow the alulation
of HA of the right rossed produt where the ation of B does not fator.
We now have to restrit from the ase of general semisimple Lie groups to the ase
G = SL(n,C). So B is the subgroup of upper triangular matries.
Denote by T the algebrai non-ompat torus of diagonal matries. In the Iwasawa de-
omposition T = TA. A is the group of diagonal matries with real positive entries whose
produt is 1. A is isomorphi to the abelian group Rn−1. Sine T is an abelian group,
this deomposition is a diret produt of abelian groups. So there are anonial proje-
tions T → T and T → A (and, of ourse, injetions T → T and A → T) whih are group
homomorphisms.
The following formula denes a [0, 1]-family of group homomorphisms B→ B: For t ∈ [0, 1],
set
rt :


z
1
∗ ∗ . . .
0 z
2
∗ . . .
0 0 z
3
. . .
.
.
.
.
.
.
.
.
.
.
.
.

 7→


z
1
t∗ t2∗ . . .
0 z
2
t∗ . . .
0 0 z
3
. . .
.
.
.
.
.
.
.
.
.
.
.
.

 ,
i. e. rt multiplies the k-th o-diagonal with t
k
.
This gives a smooth path between r
1
= idB and the projetion B → T onto diagonal
matries through group homomorphisms.
Furthermore there is a smooth path (st)s∈[0,1] of homomorphisms A = Rn−1 → Rn−1 = A
given by st(x) = (1− t)x, whih as well is a path through group homomorphisms between
s
1
= idRn−1 and the zero homomorphism. Taking the diret produt of this path with the
ompat torus T , we see that there is a path, whih we shall also denote by (st), between
the identity s
1
on T and the projetion T→ T .
So if we dene a B-ation on soure and range of βT by omposing the T -ations with
s
0
◦ r
0
: B → T → T , the homomorphism βT is B-equivariant. The B-ation however is
not the right one. In fat, the ation B → T → T → Aut
Top
(B/T) dened via these two
group retration is the ation of T on B/T , i. e. under the exponential mapping exatly
the adjoint representation T → SO(b/t).
The spae Y = G ×B B/T × V where B ats on B/T via T , where the ation on G is
the standard one, is a homogeneous vetor bundle over G/B, endowed with a Γ -ation.
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However, the algebras Γ⋉C∞

(Y) and Γ⋉C∞

(G/B × V) are not homotopy equivalent in
any obvious way.
4.4 Computation of the Dira map on the homogeneous part of
yli ohomology
In this setion, we want to ompute the eet of α on periodi yli homology. The results
we will develop for HA do not immediately apply to that ase too, beause the homotopy
invariane is too weak.
Theorem 55. The quasi-homomorphism α indues an isomorphism
HP∗(Γ⋉C∞

(G/T × V))<1> ∼= HP∗(Γ⋉C∞

(G× B/T × V))<1>
−→ HP∗(Γ⋉C∞

(G)⋊B)<1> ∼= HP∗(Γ⋉C∞

(G/B))<1>
Proof. It sues to prove that α indues an isomorphism on the E
2
-term of the spetral
sequene. This map is
HP∗(C∞

(G× B/T × V)⋊B)→ HP∗(C∞

(G)⋊B).
This is a map from H
ev/odd

(G/T × V) to Hev/odd

(G/B). The fat that this map is the
Chern harater of the K-theory map indued by
jB(C
0
(G)⊗ α) ∈ KK(C
0
(G × B/T × V)⋊ B,C
0
(G)⋊ B),
where α ∈ KKB(C
0
(B/T × V),C), is quite obvious, and proved formally by the ommuta-
tivity of the following diagram
HP∗(C∞

(G/T × V)) α //
∼=

HP∗(C∞(G/B))
∼=

HA∗(C∞

(G/T × V)) α //
∼=

HA∗(C∞(G/B))
∼=

HA∗(C
0
(G/T × V)) α // HA∗(C(G/B))
K∗(C0(G/T × V))
h
OO
α //
K∗(C(G/B))
h
OO
where α denotes the C∗-ompletion of α, and the rst three lines are all anonially and in
a onsistent way isomorphi to a map H
ev/odd

(G/T × V)→ Hev/odd(G/B). For the fourth
line, this applies when it is tensored with C, and then the map that arises is the Thom
isomorphism. Or simply, the map is an isomorphism beause α is invertible.
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4.5 Computation of analyti yli homology of the rossed prod-
uts
We may now state the most important tehnial theorem of this paper, namely the om-
putation of the analyti yli (o-)homology of the rossed produt HA∗(Γ⋉C∞(G/B)).
Theorem 56. The element α ∈ HA
0
(Γ⋉C∞(G/B), Γ⋉C∞

(G/T)) has a left inverse as an
HA-element in the sense that that there is β with β ⊗ α = 1. So if we think of the
indued maps in homology, α is surjetive.
As a onsequene, we obtain a surjetive map on the ohomology of Γ\G/T by Morita
equivalene.
The proof of the theorem will rely on the following preliminary denitions and lemma.
Consider the algebra C∞[0, 1] ⊗̂ ℓp. It is a subalgebra of the C∗-ompletion C[0, 1] ⊗C∗ K.
The latter algebra is the algebra of ontinuous maps from [0, 1 to the ompats i. e. of the
setions of the trivial bundle with ber K over the interval. If we view the ber over t as
KL2(B/T) i. e. as the ompletion of ℓpL2(B/T)t where (B/T) is the spae B/T endowed
with the ation rt of B we see that this bundle is equipped with a B-ation. So B ats
over t via rt. This B-ation makes the algebra of setions a B-algebra and preserves the
subalgebra C∞[0, 1] ⊗̂ ℓp. We have thus dened the rossed produt C∞[0, 1] ⊗̂ ℓp⋊B
Lemma 57 (A partial homotopy result for the ations). Consider the algebra
Γ⋉C∞

(B/T × V × [0, 1]) × B,
where B ats as explained above on the ber over t ∈ [0, 1] via rt.
Consider the evaluation at 0 from this algebra to Γ⋉C∞

(B/T × V) × B where B ats
via the algebrai torus T. This map is invertible in HA and HP.
More preisely, onsider the extension
0→ Ker(ev
0
)→ (C∞

(G× [0, 1]) ⊗̂ ℓp)⋊B→ (C∞

(G) ⊗̂ ℓpL2(B/T)
0
)
⋊B→ 0.
Then the ideal is HA-ontratible. This also holds for the rossed produt with Γ .
A similar statement holds if we let B at on the bundle via st ◦ (B → T) so that the
evaluation goes to the algebra with T-ation.
Remark 58 (Warning). A priori, there is absolutely no reason to assume that the evalua-
tions in the endpoints 1 of the intervals should be invertible. In fat, any KK-element from
KK(A,C) an be represented with the tools of asymptoti morphisms as a orrespondene
K(A) ∼= K(B) → K(C). This is shorthand for morphisms indued by bivariant elements.
The algebra B is an algebra of setions, the rst isomorphism is of similar nature as the
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ones presented in the lemma, namely evaluations at one of the endpoints of the interval,
and the seond one is evaluation at the other endpoint.
However, our proof of the theorem, involving the whole mahinery of the Dira operator
and equivariant Bott periodiity, will show that in our partiular ase, the evaluations are
invertible, though.
Proof. (of the lemma).
The idea is that for every t 6= 0 the ation rt is faithful. This implies that there is an
isomorphism between the ideal and an algebra of setions of a onstant bundle over (0, 1].
More preisely, dene the isomorphism
Ker(ev
0
)→ (C∞

(G× (0, 1]) ⊗̂ ℓpL2(B/T)
1
)⋉B
by f 7→ (t 7→ f(r−1t )) is f is a smooth funtion on B. Here for funtions with ompat
support we have to understand funtions with all derivatives vanishing at zero. The ation
of B on (0, 1] is trivial and onstant on C∞

(G) ⊗̂ ℓp, thus C∞

(0, 1] an be pulled out of the
rossed produt yielding an isomorphism
(C∞

(G× (0, 1]) ⊗̂ ℓpL2(B/T)
1
)⋉B ∼=
(
(C∞

(G) ⊗̂ ℓpL2(B/T)
1
)⋉B
) ⊗̂ C∞

(0, 1].
The latter algebra is HA-ontratible by an expliit formula for a ontration, see [37, p.
120℄.
Taking rossed produts with Γ does not alter the argument at all beause all maps and
homotopies are by onstrution Γ -equivariant.
Proof. (of the theorem) Consider the following ommuting diagram in the ategory of
bornologial algebras endowed with right B-ation and bivariant HA-elements.
The indies are supposed to denote the B-ations. Ations on algebras that may be viewed
as algebras of smooth setions of some bundle over [0, 1] suh that the ation depends on
the ber t are denoted with brakets in the index i. e. [T ,T] means that the ation on the
ber over t is supposed to be the ation of B via the group homomorphism rt. A similar
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remark holds for [t,T] endowed with the ation st ◦ (B→ T).
(C∞

(B/T × V))T α // (ℓp)T Morita // C
(C∞

(B/T × V × [0, 1]))[T ,T]
α⊗̂C∞[0,1] //
ev
0
OO
ev
1

(ℓp ⊗̂ C∞[0, 1])[T ,T] Morita //
ev
0
OO
ev
1

C∞[0, 1]
ev
0
OO
ev
1

(C∞

(B/T × V))T α // (ℓp)T Morita // C
(C∞

(B/T × V × [0, 1]))[T,B] α⊗̂C
∞[0,1] //
ev
0
OO
ev
1

(ℓp ⊗̂ C∞[0, 1])[T,B] Morita //
ev
0
OO
ev
1

C∞[0, 1]
ev
0
OO
ev
1

(C∞

(B/T × V))B α // (ℓp)B Morita // C
The algebras on the right hand side olumn are endowed with the trivial ation.
Forgetting the ations, it is lear that all maps are isomorphisms in HA. Sine for all t
αt are equal, an inverse is given by β0. However we want to show that the α on the last
line is invertible in suh a way that the proof also applies when the indution and desent
proess is applied.
In other words, we now take ompleted bornologial tensor produts with C∞

(G), take
rossed produts with B from the right whih is possible sine all maps are B-equivariant
and nally rossed produts with Γ from the left, whih is also possible.
First we observe that the arrows in the right hand olumn are invertible by homotopy
invariane proper. Seond, the Morita arrows are invertible, so all four arrows in the
middle olumn are invertible as well. Now we have shown in the preeding lemma that
both arrows ev
0
are invertible. Furthermore it was the ontent of the preeding setion
that α is surjetive, in the sense of having a one-sided HA-inverse, if we take the T -ation.
So the α in the rst line is surjetive. So the seond, third, fourth-line α's are surjetive,
whih makes the fth-line α surjetive as well.
Conerning HP<1>, we have arried out the neessary omputation in the preeding
setion. The preeding proof does not apply verbatim to HP<1>, beause there, the
homotopy invariane theorem is weaker in the sense that it only applies to the algebrai
tensor produt. Nevertheless, by using the spetral sequene, we didn't need to take
rossed produts with Γ . We knew that all arrows indue isomorphisms on the E2-term
and thus got the desired result, at least right right for α, where we need it. (However, we
expet the theorem to hold in HP as well, whih would have the onsequene of a vanishing
inhomogeneous part).
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Next we shall state the main theorem in the form in whih we shall atually need it, i.
e. we will show in whih sense our omputations of the rossed produts in the various
theories are ompatible.
Corollary 59.
1. The anonial natural transformation
HA∗(Γ⋉C∞(G/B))→ HP∗(Γ⋉C∞(G/B))<1>
indued from the inlusion of the total omplex with growth ondition into the
produt total omplex, followed by projetion onto the homogeneous part, is an
isomorphism.
2. The map
HA∗(Γ⋉C∞(G/B))→ HA∗(Γ ⋉r C(G/B))
is an isomorphism.
Proof.
1. Consider the ommutative diagram
HP∗(Γ⋉C∞

(G/T × V))<1> α // HP∗(Γ⋉C∞

(G/B))<1>
HA∗(Γ⋉C∞

(G/T × V)) α //
OO
HA∗(Γ⋉C∞

(G/B)).
OO
By the Morita equivalene, the left vertial arrow is an isomorphism.
2. For this we need to invoke quite an advaned tool, namely loal yli homology as
developed by Pushnigg (see [43℄ and introdution). It is a fat proved in [43℄ that
for a large lass of algebras, that C∗-algebras belong to, loal yli homology oin-
ides with analyti yli homology. However, in ohomology, there is no analogous
statement available. Moreover, there is in full generality a bivariant Chern-Connes
harater from KK-theory to bivariant loal yli homology with the desired prop-
erty of being a multipliative transformation. This may be alled a generalized
Grothendiek-Riemann-Roh theorem.. It follows that HA∗ of C∗-algebras may be
alulated by the Dira-dual Dira method. More preisely, the following diagram
ommutes, and one again, one an read o from the fat that some arrows are
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isomorphisms that the others are as well.
HA∗(Γ⋉C∞

(G/B))
α //
i∗

HA∗(Γ⋉C∞

(G/T))
i∗

HA∗(Γ ⋉r C(G/B))
α //
HA∗(Γ ⋉r C0(G/T))
HL∗(Γ ⋉r C(G/B))
α //
∼=
OO
HL∗(Γ ⋉r C0(G/T))
∼=
OO
The proof shows (by the uniqueness of an inverse, but in the weak sense on the level
of maps) that an inverse an be onstruted as follows. It is the omposition of the dual-
Dira element from C to (C∞

(B/T ×V))T followed by the omposition of the left hand side
arrows of the diagram.
4.6 The idempotent theorem
The goal of this setion is to show how to use the previous results to prove the statement
of the idempotent theorem. The large diagram might onvine the reader that it was
neessary to ompute HA∗(Γ⋉C∞(G/B)). Moreover, it shows how to redue our problem
to the Connes-Mosoivi index theorem, avoiding Connes' foliation index theorem.
Let X be a smooth Γ -manifold.
We onstruted in setion 2.1 a Dira element α ∈ KKΓ (C
0
(EΓ),C) and in the proof of the
theorem 3 of the K-theory part an assembly map between K-groups of C∗-algebras
K
∗+q(EΓ ×Γ X)→ K∗(Γ ⋉r C0(X))
as right Kasparov produt with the element Morita⊗j(τC
0
(X)(α
Γ )) where Morita denotes
the obvious Morita invertible element, j the desent homomorphism and τA the operation
of tensoring Kasparov-KK
Γ
-yles with a xed Γ − C∗-algebra A. The onstrution relied
on existene of a G-equivariant Spinc-struture on EΓ = G/K. However, this is automati-
ally satised for G = SL(n,C), see remark 39 and the proof of theorem 40. More generally,
omplex semisimple Lie groups are always simply onneted, so that the existene is au-
tomati for them as well.
The following lemma is in ontent very similar to theorem 40, yet appearing here from the
viewpoint of the Γ -Dira element, instead of that of the B-Dira element.
Lemma 60. If X = G/B, the assembly map
K
∗+q(EΓ ×Γ G/B)→ K∗(Γ ⋉r C(G/B))
is an isomorphism.
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Proof. Let us show that, if we ompose
jΓ (αΓ ⊗ C(G/B)) ∈ KKq(C0(EΓ ×Γ G/B))
with the invertible
j(Γ × B)(C
0
(G)⊗ βB) ∈ KKq(Γ ⋉r C(G/B), Γ ⋉r C0(G/T)),
then we obtain an invertible element. Again, we suppress in the notation KK-equivalenes
oming from Morita equivalenes. In fat, by a alulation of the form we have ome to
know already, the omposition is equal to the produt
jΓ×B(C
0
(EΓ ×G)⊗ βB)⊗ jΓ×B(αΓ ⊗ C
0
(G× B/T)).
The rst fator is invertible beause βB is, and the seond is the invertible element in
KK
0
(C
0
(EΓ ×Γ G/T),C0(Γ\G/T)) oming from the Thom isomorphism for the vetor bun-
dle EΓ ×Γ G/T → Γ\G/T . This is a onsequene of the onstrution of α. Preisely, the
statement follows from the priniple that the assembly map for Γ with oeients in a
proper Γ -algebra is an isomorphism (see [48, theorem 9.4℄).
In other words, onsider the following ommuting diagram
K
q(EΓ ×Γ G/B)
−⊗Morita⊗j(τC(G/B)(αΓ ) //
−⊗Morita⊗j(τC
0
(EΓ)(β)

K
0
(Γ ⋉
r
G/B)
−⊗j(β)

K
q(EΓ ×Γ G/T × V)
−⊗Morita⊗j(τC
0
(G/T×V)(αΓ ) //
K
0
(Γ ⋉ C
0
(G/T × V))
In the upper row, X = G/B, in the lower one X = G/T ×V . The diagram ommutes by the
assoiativity of the exterior Kasparov produt. The lower arrow is an isomorphism beause
modulo Morita equivalene it is the Thom isomorphism for the bundle EΓ ×Γ G/T × V →
Γ\G/T × V . In fat, the ordinary Thom isomorphism holds between the ohomology
without support ondition of the base spae and the ohomology with ompat supports
of the vetor bundle.
We already know that the vertial arrows are isomorphisms beause β is invertible. So the
upper arrow is an isomorphism.
Let now e be an idempotent in CΓ . We have < e, τ >=< e, i∗ϕ >=< i∗e,ϕ >=<
i∗e,β∗ϕ˜ >=< β(i∗e), ϕ˜ >=< hβ(i∗e), ϕ˜ > .
Theorem 61. The image h(e) ∈ HP
0
(CΓ)<1> of e is also an image of a [D] ∈ K0(BΓ)
under µ h, if Γ ats oompatly.
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Proof. Consider the following diagram
K
0
(BΓ)
(1)
))SSS
SSS
SSS
SSS
(2) //
(3)

H
ev
(Γ)
(4)
''PP
PPP
PPP
PP
K
q(BΓ)
(5)

K
0
(R⊗ CΓ)
(6)

(7)
//
HP
0
(CΓ)<1>
(8)

K
q(EΓ ×Γ G/B)
(9)
:
::
::
::
::
::
::
::
::
::
::
::
::
:
K
0
(
R⊗ Γ⋉C∞(G/B)) (10) //
(11)

(15) ++WWWW
WWWW
WWWW
WWWW
HP
0
(
Γ⋉C∞(G/B))
<1>
HA
0
(
Γ⋉C∞(G/B))
(12)
OO
(13)

K
0
(Γ ⋉
r
C(G/B))
(14)
//
HA
0
(Γ ⋉
r
C(G/B))
where the arrows are dened as follows:
(1) is the ordinary assembly map. It fators over K
0
(RΓ) by [18℄ and [47℄, where RΓ is the
ring of innite matries with rapid deay.
(2) is the homologial Chern harater, as dened by [7℄ (see also [48℄, lemma A.4.2).
(3) is K-theoreti Poinare duality. Observe that
dimBΓ = dimG/K = dimB/T = q
by the Langlands deomposition.
(4) is the speial ase A = C of the onstrution arried out in the previous setions
(5) is the map π∗.
(6) is the map indued by the shrinking map, studied abundantly in the preeding setions.
(7) is the Chern harater as dened by Connes, followed by the Morita equivalene R ∼ C
and projetion onto homogeneous part.
(8) is equally indued by G/B→ pt.
(9) is the assembly map dened in the K-theory part and reviewed in the preeding lemma.
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(10) is again Connes' Chern harater, followed by similar maps as in (7).
(11) is the map indued by the inlusion, tensored with the inlusion R → K and the
ompletion to the C∗-tensor produt.
(12) is the natural transformation from analyti to periodi yli homology. We have
proved in the preeding setion that it is an isomorphism.
(13) is the map indued by the inlusion, followed by the same maps as in (11)
(14) is the Chern harater as dened by Meyer ([38℄), followed by Morita equivalene,
given by the isomorphism with loal yli homology.
(15) is again Meyer's Chern harater.
Let us rst prove that the diagram ommutes. The ommutativity of the upper horizontal
diagram is a orollary of the Connes-Mosovii index theorem.
The ommutativity of both the upper and lower front side retangle diagrams is the nat-
urality of the Chern harater.
The ommutativity of the front side triangular diagram follows from a look at Meyer's
Chern harater. Only the ommutativity of the left hand side requires a loser look.
First, there is, following [35℄, the desription of the assembly map µ : Ko(BΓ)→ K0(C∗
r
Γ)
as Poinare duality K
0
(BΓ) → Kq(BΓ) followed by right multipliation with j(αΓ ). The
map K
0
(C∗
r
Γ) → K
0
(Γ ⋉
r
C(G/B)) is right multipliation with j(G/B → pt), and there is
the equality τC
0
(EΓ)(G/B→ pt)⊗τC(G/B)(αΓ ) = α⊗ (G/B→ pt). Consider the following
diagram.
K
0
(BΓ)
µ
++WWWW
WWWW
WWWW
WWWW
WWWW
WWWW
W
(1)=µ
CM
--[[[[[[[[
[[[[[[[
[[[[[[[
[[[[[[[
[[[[[[[
[[[[[[[
[[[[[[[
[[[[[[[
[
(3)
PD

K
q(BΓ)
(16)

⊗j(αΓ )
//
K
0
(C∗
r
Γ)

K
0
(RΓ)oo
i∗

K
q(EΓ ×Γ G/B) ⊗j(τC(G/B)(αΓ ))
//
K
0
(Γ ⋉
r
C(G/B)) K
0
(Γ⋉C∞(G/B))oo
The uppermost triangle ommutes beause these are just two ways of writing the assembly
map. The left hand triangle ommutes by Kasparov's desription of the assembly map.
The ommutativity of the left retangle is a property of the intersetion produt. The
ommutativity of the right hand retangle is obvious beause it ommutes already on the
algebra level.
So after all we have established the ommutativity of both diagrams.
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So we have dened a "ommuting ube". Let us now have a loser look at the bakside
diagram.
K
0
(BΓ)
(2) //
(5)◦(3)

H
ev
(Γ)
(13)◦(12)−1◦(8)◦(4)

K
q(EΓ ×Γ G/B)
(14)◦(9) //
HA
0
(Γ ⋉
r
C(G/B))
The alulations of the preeding hapter imply that the lower arrow (9) is rationally
injetive. Consider the subgroup ((14) ◦ (9))−1(ImH(Γ)) of Kq(EΓ ×Γ G/B). By the
ommutativity this subgroup ontains the image of K
0
(BΓ) and by the split injetivity
of (5) ◦ (3) it splits as ImK
0
(BΓ) ⊕ X for some subgroup X. Assume X had an element
of innite order. Then its image under (14) ◦ (9) would be non-zero by the injetivity,
and it would ome from an element in H(Γ). By the rational injetivity of the topologial
Chern harater (2), this element would ome from an element in K
0
(BΓ) ⊗ C. But in
view of (K
0
(BΓ) ⊕ X) ⊗ C = K
0
(BΓ) ⊗ C ⊕ X ⊗ C this is a ontradition to the fat that
X ⊗ C would not vanish. So X is only made of torsion, and we see that the element
i∗e ∈ K0(Γ ⋉r C(G/B)) ∼= Kq(EΓ ×Γ G/B), whih maps to h i∗e in the bottom diagram,
is up to torsion in the image of K
0
(BΓ).
This shows that we have found an idempotent that maps to the same element in HA
0
of
the C∗-algebra. Sine the map indued by inlusion
HA
0
(Γ⋉C∞(G/B))→ HP
0
(Γ ⋉
r
C(G/B))
and the natural transformation
HP
0
(Γ⋉C∞(G/B))→ HA
0
(Γ⋉C∞(G/B))
are isomorphisms and the arrow (8) is injetive, the two lasses must map even to the same
element in HP
0
(CΓ)<1>.
Corollary 62. Let Γ be a disrete oompat torsion-free lattie in SL(n,C), n > 2.
Then CΓ ontains no nontrivial idempotents.
Proof. We have < e, τ >=< µ(D), τ >= IndD ∈ Z with the help of Atiyah`s L2 index
theorem. This implies the idempotent theorem as explained in the introdution.

Appendix A
A.1 Globally symmetri Riemannian spaes
Let us x an arbitrary semisimple onneted Lie group G, a maximal ompat subgroup
K and a disrete torsion-free subgroup Γ of G. We onsider the right ation of K on G and
the left ation of Γ on G and the homogeneous spae G/K. The spae G/K is the standard
example of a Riemannian globally symmetri spae, see [29, IV.3.4℄. This means that G/K
is a Riemannian manifold (suh that the underlying manifold struture is exatly the one
of the homogeneous spae, of ourse), and every point of G/K is an isolated xed point
(in fat, the xed point) of an involutive isometry of G/K. Let us summarize how to show
this. Consider the Cartan deomposition
g = k⊕m
of the Lie algebra g of G into the +1 resp.−1-eigenspaes of the Cartan involution σ of g (for
the existene of the involution and deomposition, see [31, III.6℄), i. e. σ : g→ g, σ2 = 1,
σ = 1k ⊕ −1m and the Killing form B : g × g → R, B(X,Y) = Trae(adXadY) (whih is
non-degenerate by denition of semisimpliity) is negative denite on k×k, positive denite
on m×m. The involution σ an be hosen in suh a way that the +1-eigenspae is exatly
the tangent spae to the hosen maximal ompat subgroup K of G at the unit element, i.
e. its Lie algebra k.
As an immediate onsequene, m and p are orthogonal with respet to the Killing form
sine for X ∈ k and Y ∈ m we have
B(X,Y) = −B(σX,σY) = −Trae(ad(σX)ad(σY)) = −Trae(σadXadYσ−1) = −B(X,Y)
whih therefore is zero.
Thus, [k, k] ⊂ k (this is also lear beause K is a subgroup), [k,m] ⊂ m and [m,m] ⊂ k].
Let Ad : G → L(g) and ad : g → L(g) denote the adjoint representations. Now the
fat that for any subspae a of g the Lie algebra of {g ∈ G : Ad(g)a ⊂ a} is the same
as {X ∈ g : ad(X)a ⊂ a} implies that the adjoint representation G → L(g) restrits to a
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representation of K on m.
Now the map
K×m→ G, (k,M) 7→ k exp(M)
is a dieomorphism ([31, III.6.7℄). In partiular, G/K is K-equivariantly dieomorphi to
a Eulidean spae m = Ri, and the left ation of K on G/K is dieomorphi to the linear
ation of K on m. This fat will beome essential when we set out to onstrut equivariant
Bott elements in KK
K(C,C
0
(G/K)).
The summand m of g is a Eulidean vetor spae with the Killing form, and the adjoint
representation of K ats through SO(m). In fat, let Z ∈ k, X,Y ∈ m. Then it follows from
B(adZ(X),Y) = Trae([[Z,X], [Y,−]]) = −Trae([X, [Z,Y]]) = −B(X, adZ(Y))
that adk ⊂ so(m) and thus K→ SO(m). The Eulidean struture makes m a Riemannian
manifold, and thus also G/K by the exponential map. This Riemannian struture is then
G-left-invariant by onstrution.
Now the global symmetry of G/K around the origin, is simply given by the exponentiation
of the involution X 7→ −X of m.
The spae G/K always has non-positive setional urvature (see [29℄). There is the expliit
formula for the setional urvature
K(Y,Z) = −||[Y,Z]||2, Y,Z ∈ m = Tp(G/K), ||Y|| = ||Z|| = 1.
So between any two points of G/K there exists one and only one geodesi joining them.
A.2 The Euler-Poinaré measure
In this setion we give the denition and an aount of the fundamental properties of the
Euler-Poinaré measure. Using it, we prove the equivalene of the statements (4), (5) and
(6) of theorem 3. The ontent is a reformulation of parts of [46℄ and [33℄.
The idea is that the Euler lass is represented by a dierential form that, if lifted to EΓ , is
G-left-translation invariant. The reason is that it only depends on the urvature of the
symmetrial spae, whih is translation invariant.
Denition 63. A left-translation-invariant measure µ on a loally ompat unimodular
group G is alled an Euler-Poinaré measure if every torsion-free disrete oompat
subgroup Γ has a nite lassifying ell omplex BΓ and the Euler harateristi of Γ , whih
is therefore dened, is given by the volume of the quotient:
χ(Γ) =
∫
Γ\G
µ.
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If G has an Euler-Poinaré measure, then it is unique. So we may speak of the Euler-
Poinaré measure of G.
There are some more or less obvious, but not very interesting examples. If G is already
disrete and BG is nite, then all torsion-free oompat subgroups Γ have nite BΓ , and
µ(g) = χ(G) is an Euler-Poinaré measure. In fat, if Γ is a subgroup of index k then
χ(BΓ) = kχ(BG) = kχ(G) beause the Euler harateristi of a k-sheeted over is k times
that of the base.
Seond, if G is ompat then the Haar measure normalized to µ(G) = 1 is an Euler-Poinaré
measure beause there are no non-trivial disrete torsion-free subgroups.
An interesting and to us relevant example is provided by
Lemma 64. A real semisimple onneted Lie group has an Euler-Poinaré measure.
Proof. For Γ disrete and oompat, BΓ = Γ\G/K for a maximal ompat K of G.
If q = dimBΓ is odd, then obviously µ = 0 is an Euler-Poinaré measure. So let us assume
q is even.
The ruial part relies on the higher Gauss-Bonnet theorem.
Reall that the Chern-Weil approah to harateristi lasses states that the Euler lass
of a ompat Riemannian manifold an be realized expliitly as a dierential form by the
following proedure.
Let U be a oordinate path of a not neessarily ompat Riemannian manifold with
orthonormal frame e
1
, . . . , eq. Let R denote the urvature tensor, a tensor of degree (3, 1)
whih satises
R(u, v)ei =
∑
j
Ωij(u, v)ej
for a family Ωij, 1 6 i, j 6 i of dierential forms of degree 2. The forms Ωij depend
alternatingly on (i, j) and ommute with eah other sine they are of degree 2.
Given n ∈ N, there exists one and up to sign only one polynomial, that we shall all Pfa,
with integer oeients whih assigns to the entries of eah 2n-by-2n skew-symmetri
matrix A over a ommutative ring a ring element Pfa(A) ∈ A whose square is the deter-
minant of A. Pfa has degree n and satises Pfa(BABt) = Pfa(A)detB. Now it makes
perfet sense to plug in the i-by-i matrix (Ωij) of two-forms on U, and the result is a
dierential form Pfa((Ωij)) of degree 2n = q on U. By theorem, this form is losed. If
we put
Ω =
1
(2π)i/2
Pfa((Ωij)).
then it is the ontent of the general Gauss-Bonnet theorem that for any ompat piee A
with boundary ∂A of the Riemannian manifold we have
χ(A) =
∫
A
Ω+
∫
∂A
Π,
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where Π is a ertain dierential form of degree q − 1 on ∂A.
If (e
1
, . . . , eq) is replaed by another orthonormal frame then Ω does not hange, and
is replaed by −Ω if orientation is reversed. So one may glue the Ω's on the dierent
oordinate pathes together and obtain a top degree dierential form on BΓ , in other words
a measure, alled Gauss-Bonnet measure. If G is a Lie group then by the translation-
invariane, µ is a real multiple of the volume form, µ = λdVol, λ > 0. The theorem of
Gauss-Bonnet then takes the form
χ(Γ) =
∫
BΓ
Ω,
so one may also all Ω an Euler density. Now apply this to the Riemannian manifold
EΓ = G/K. By the homogeneity of EΓ the urvature is G-left invariant, and so is the form
Ω, therefore. Sine K is ompat, there is a unique invariant measure µ on G suh that
the image of µ under G→ G/K is Ω. If ν is the normalized Haar measure of K suh that
ν(K) = 1 then µ/ν = Ω.
Now we laim that µ is an Euler-Poinaré measure on G. To show this, let Γ be a disrete
torsion-free oompat subgroup of G. Now χ(Γ) = χ(BΓ) =
∫
Γ\G/KΩ where it is justied
to use the letter Ω for the Euler density on BΓ as well as on EΓ .
∫
Γ\G/KΩ is equal to the
integral of Ω over a fundamental domain of the Γ -ation on EΓ . Now this in turn is equal to
the integral of µ over the inverse image of the fundamental domain under G→ G/K, whih
is a fundamental domain for the ation of Γ on G. We obtain
∫
Γ\G µ, as required.
So from the dening property of the Euler-Poinaré measure we dedue the equivalene
of the statements (4) and (5), both of whih may also be formulated as λ > 0 for λ as
above.
(5) ⇔ (6) The preeding proof shows that the Euler-Poinaré measure on G is obtained
by nding the unique invariant preimage under G→ G/K of the Pfaan of the urvature
of G/K.
Let m be the orthogonal to k in the Lie algebra g of G with respet to the Killing form
(here we need G to be semisimple). m an be identied anonially with tangent spae to
G/K in the neutral element. Then the urvature tensor R in that point is a ertain tensor
of degree (3, 1), more preisely it is an element of Λ2((g/k)∗) ⊗ Hom(g/k, g/k). It an be
expressed in terms of the Lie braket by
R(u, v)w = [[u, v],w], u, v,w ∈ m,
see for example [29, theorem IV.4.2℄.
Now let gC = C⊗ g = g⊕ ig be g's omplexiation. If g already has a omplex struture,
we ignore it. The deomposition of g in k⊕m gives a deomposition of gC:
gC = k⊕m⊕ ik⊕ im.
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Its Lie subalgebra g ′ = k ⊕ im is another real form of gC (reall that [m,m] ⊂ k). g ′ is a
ompat Lie algebra. In order to verify this, we have to assure that the Killing form is
stritly negative denite. We use the fat that if h is a omplex Lie algebra with Killing
form κ, and κR is the Killing form of h viewed as a real Lie algebra, then κ and κR are
related by the formula
κR(X,Y) = 2 ℜ(κ(X,Y)), X,Y ∈ h.
Now let X ∈ k, Y ∈ m,X 6= 0,Y 6= 0. Then κR(X + iY,X + iY) = 2 ℜ(κ(X + iY,X + iY)) =
2 ℜ(κ(X,X) − κ(Y,Y)) = 2κ(X,X) − 2κ(Y,Y) < 0, so g ′ = k + im is a ompat form of
gC. Let G
′
be the unique simply onneted Lie group with algebra g ′. Furthermore, let
K ′ be the subgroup of G ′ orresponding to k ⊂ g ′. G ′ and K ′ are ompat, and G ′/K ′ is
sometimes alled the dual of G/K (see [29℄, V.2). im is the tangent spae to G ′/K ′ at the
neutral element, and the urvature tensor R ′ of G ′/K ′ is given by the same formula
R(u, v)w = [[u, v],w], u, v,w ∈ im.
It follows that the bijetion u 7→ iu maps R in −R ′. Let Ω and Ω ′ be the value of the
Gauss-Bonnet form of G/K resp. G ′/K ′. Now u 7→ iu transforms Ω to (−1)q/2Ω ′. But
the integral of Ω ′ over G ′/K ′ is equal to χ(G ′/K ′). Now the statement follows from the
following old result of Hopf-Samelson ([33℄).
Theorem 65. If G is a ompat onneted Lie group, then the Euler harateristi of
a homogeneous spae G/U is non-zero if and only if the ranks of G and U agree. In
that ase, it is in fat positive.
We are now going to give an aount of their proof.
Lemma 66. Let W be a homogeneous spae of the ompat onneted Lie group G.
Then any element of G whose ation on W has only nitely many xed points in W
has in fat χ(W) many.
In partiular, if there is suh a group element, then the Euler harateristi is non-
negative.
Proof. Sine G ats by isometries, any isolated xpoint of g ∈ G an only have negative
eigenvalues (a positive one would have to be 1, thus the xpoint wouldn't be isolated). So
the index of g at the xpoint is (−1)dimW . Here, the index of a smooth map f : M →
M at p ∈ M is dened to be the integer by whih f∗ : H
dimM(M,M − p;Z) ∼= Z →
H
dimM(M,M − f(p);Z) ∼= Z is multipliation. On the other hand, the sum of the indies
of a ontinuous self-map of a nite omplex P that has only nitely many xed points
is (−1)dimPχ(P), if the map is homotopi to the identity. So
∑
# xpoints
(−1)dimW =
(−1)dimWχ(W). We dedue that the number of xpoints equals the Euler harateristi.
If the dimension of W is odd then its Euler harateristi vanishes. So the statement
follows.
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Proof (of the Hopf-Samelson theorem). We use the following fats on the tori of G ([9℄).
The automorphism group of a torus is disrete, and every torus has generating elements,
i. e. elements whose powers are dense in the torus. Furthermore, a maximal torus has
nite index in its normalizer, the quotient is alled the Weyl group. Furthermore, the
onjugates gTg−1, g ∈ G over G. Any two maximal tori are onjugate. So the rank of G
is well-dened as the dimension of a maximal torus.
We are now going to show the existene of a group element with only nitely many x-
points, and then ount them. Changing the viewpoint from the homogeneous spae to the
Lie group, we have to show that for any losed subgroup U of G there is a ∈ G suh that
we have xax−1 ∈ U for only nitely many osets xU. We laim that a generating element
a ∈ G of a maximal torus T ⊂ G does the job. So we have to show that x−1Tx ⊂ U for
only nitely many osets xU.
Assume that the rank of U is smaller than that of G. Then not one of the osets xU
satises the relation, χ(G/U) = 0 and we are done.
Assume that the ranks are equal. We may assume that T ⊂ U. We laim that xU is
a xpoint of a ∈ G i it ontains an element of NT , the normalizer of T . Let x be an
element as required. Then T and x−1Tx are onjugate in U, so there is even u ∈ U with
uTu−1 = x−1Tx, so xu ∈ NT . If, on the other hand, y ∈ xU ∩NT , then x onjugates the
torus into U by x−1Tx = u−1y−1Tyu = u−1Tu ⊂ U.
Now the niteness of the Weyl group NT/T implies that there are only nitely many osets
yT where y ∈ T . Consequently there are only nitely many osets xU with the required
property when y ∈ xU. So we are done and note that in that ase χ(G/U) > 1 beause U
itself represents a xpoint.
A.3 The foliation index theorem
In this appendix we show how Connes' foliation index theorem ([17℄, III.7.γ) would give
the integrality if it applied. Sine this theorem is a very advaned mahinery, and it is not
lear if its onditions hold, we proeed dierently in the body of the text. This setion is
therefore unneessary for the logial oherene of the thesis. We merely show how Connes'
foliation index theorem would yield the integrality, if it ould be applied (and if we knew
that the K-theory lasses in the rossed produt Γ ⋉
r
C(G/B) that an ome from CΓ are
in the image of K
∗(BΓ) in K∗(EΓ ×Γ G/B) ∼= K( BΓ) ⊗ K∗(G/B), whih is an extremely
natural, but seemingly hard to prove statement).
Suppose that BΓ is ompat. A suitable formulation of the latter is given by Lott ([27℄,
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1.2). His formula, boiled down to our notations, reads
< IndDW ,Φ(η) >=
∫
EΓ×ΓG/B
π∗ Â(BΓ) ∪ h(W) ∪ η.
where D is the Dira operator on EΓ ×Γ G/B (we prove in remark 39 that a Spin-struture
exists), DW is the Dira operator twisted with a omplex vetor bundle W on EΓ ×Γ G/B,
IndDW is its index in K0(A) (where Γ⋉C
∞(G/B) ⊂ A ⊂ Γ ⋉
r
C(G/B), see below),
η ∈ HdimG/B(EΓ ×Γ G/B) is a ohomology lass, Φ(η) ∈ HC0(A) is its assoiated yli
ohomology lass and Â is the Â-genus. If we knew that all K-theory lasses in the smooth
rossed produt that an ome from K
0
(CΓ) are those whih are indies of Dira operators
twisted with a vetor bundle of the form W = π∗V then we would have, taking for η the
preimage η = PD(π∗[BΓ ]) of the trae τ ∈ HP0(CΓ):∫
EΓ×ΓG/B
π∗ Â(BΓ) ∪ h(π∗V) ∪ η =
∫
EΓ×ΓG/B
π∗ Â(BΓ) ∪ h(W) ∪ PDπ∗[BΓ ]
=
∫
BΓ
Â(BΓ) ∪ h(V) ∪ π
!
(PD(π∗[BΓ ]))
=
∫
BΓ
Â(BΓ) ∪ h(W) ∪ 1 = Ind(DBΓV )
where the latter index is the ordinary Atiyah-Singer index of the Dira operator DBΓ on
BΓ twisted with V , whih is an integer.
However, it is not lear if this theorem is appliable beause it is diult to deide whether
there are any smooth subalgebras Γ⋉C∞(G/B) ⊂ A ⊂ Γ ⋉
r
C(G/B) between the algebrai
and C∗-algebrai rossed produts suh that A is losed under holomorphi funtional
alulus in its C∗-algebra ompletion Γ ⋉
r
C(G/B) (suh that both algebras have the same
K-theory), and suh that the yli oyle τ ′ lifts to A.
A.4 An alternative proof of theorem 50 by a deformation version of
the Dira-dual Dira onstrution
The goal of this appendix is to give an alternative proof of theorem 50. It is based to a
large extent on a deformation proof in K-theory of C∗-algebras, as it has been desribed by
Higson and Roe ([30℄). The dierene is that we use smooth subalgebras and HA, whih
requires some extra work.
Let A be an arbitrary bornologial algebra endowed with a bounded ation of the torus T .
Our goal is the denition of Dira- and dual Dira-morphisms
β ∈ HA(A⋊T , (A ⊗̂ C∞

R2)⋊T)α ∈ HA((A ⊗̂ C∞

R2)⋊T ,A⋊T)
suh that β⊗ α = 1.
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A.4.1 The denition of β
This requires some preliminary work. Reall that for a smooth non-ompat manifold M
the algebra C∞

M of smooth funtions with ompat supports is as a bornologial algebra
dened as follows: A subsetW of C∞

M is alled bounded if there is a ompat K ⊂M suh
that all funtions f ∈ W have support in K and all derivatives f(n), f ∈ W are uniformly
bounded on K.
So C∞

M is the diret limit
lim
K⊂M
SK
taken over all smooth ompat submanifolds with boundary, of the spae SK of funtions
that vanish on ∂K in arbitrary order. C∞

M is an LF-algebra ([38℄).
Consider now the algebra S = C∞

R with its Z
2
-grading (ǫ.f)(t) = f(−t) as well as the
assoiated rossed produt S⋊Z
2
.
Lemma 67. Denote by C the algebra of smooth funtions on [0,∞] whih assume in
0 arbitrary values, without a restrition on the derivatives, and whih have ompat
support. Endow C with a bornology analogous to that of S. Then C is HA-ontratible.
Furthermore, S is, as expeted, in analyti yli homology the redued ohomology
of the irle.
Proof. C, thus dened, is the bornologial diret limit limK S[0,K] of the algebras of fun-
tions on ompat intervals all of whose derivatives vanish at K, but not in 0. As HA is
ontinuous with respet to suh a limit, it sues to ompute HA S[0,K]. But S[0,K] is
easily seen to be ontratible through a smooth path. For the seond statement, observe
that there is an extension of C by S[0,K] with quotient S. Thus the statement follows from
exision.
Theorem 68.
1. There is an invertible in HA(S⋊Z
2
,C) dened by the omposition
S⋊Z
2
ev
0 // C⋊Z
2
∼= C⊕ C π1 // C
where π
1
is the projetion onto the rst fator, uniquely dened by the projetor
1
2
(δ
0
+δ
1
) ∈ C⋊Z
2
= Cδ
0
⊕Cδ
1
(in fat, we have to x a hoie, but it is arbitrary)
onto the even elements.
2. The same is valid for A ⊗̂ (π
1
◦ (ev
0
⋊Z
2
)), i. e. the orresponding element in
HA(A ⊗̂ S⋊Z
2
,A) is invertible.
Proof.
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1. Reall that C is the algebra of smooth omplex-valued funtions on the half line
R+ whose derivatives in 0 assume all possible values. Then the algebra S⋊Z
2
is
isomorphi to
{f ∈ CM
2
: f(0) has diagonal form}
in suh a way that
ev
0
⋊Z
2
: S⋊Z
2
→ CZ
2
∼= C⊕ C
orresponds to evaluation at 0 taking values in diag(C,C) ∼= C⊕ C.
Let us prove the following laim: The kernel of π
1
◦ (ev
0
⋊Z
2
) is HA-ontratible. In
fat, under the above isomorphism it orresponds to the algebra
V = {f ∈ CM
2
: f(0) has form diag(0, ∗)}.
By denition, there is an inlusion V →֒ C ⊗M
2
. Consider the omposition, alled
i
1
,
V →֒ CM
2
→֒
{
f ∈ CM
4
: f(0) has the form
( ∗ ∗ 0 0
∗ ∗ 0 0
0 0 0 0
0 0 0 0
)}
as well as the standard upper-left-orner embedding i
2
: V →M
2
V . Now it is easily
seen, using a smooth path ϕt inside the smooth ompat onneted manifold U(4)
between ϕ
0
=
(
1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1
)
and ϕ
1
= idC4 that i1 is smoothly homotopi to i2.
In fat, upper-left-orner-embed V into M
2
V ⊂ CM
4
, onjugate at time t ∈ [0, 1] V
inside CM
4
withϕt and observe that the result is still ontained in M2V (whih is
not onjugated). For t = 0, this gives i
1
, for t = 1, it gives i
2
.
Now i
1
indues 0 ∈ HA(V ,M
2
V) beause it fators through the ontratible algebra
CM
2
. On the other hand, by Morita equivalene, i
2
indues an HA-equivalene,
hene the laim.
By exision, the result is thus proved.
2. The proof of the rst part of the proposition is written in suh a way that it applies
in the ase of A replaing everywhere C as well.
Consider now the algebra C∞

R4⊗M
4
and view it as the algebra of smooth ompatly
supported setions of the trivial bundle over R4 = T∗R2 with ber EndΛ∗
C
T∗R2 where
T∗R2 is viewed as C2 - with its anonial hermitian salar produt - by taking the horizon-
tal diretions as real, the vertial ones as imaginary.Now let us suppose that a xed linear
ation of the torus T = S1 × · · · × S1 on R2 = C is given. Then T ats on R4 = C2 on eah
fator C separately, preserving the salar produt, and on EndΛ∗
C
T∗R2 = Cliff R4 by the
universal property of the Cliord algebra. We dene the ation on C∞

R4 ⊗M
4
to be the
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tensor produt ation.
Lemma and Denition 69 (The dual-Dira-element). For θ ∈ R4 = T∗R2, let θ ∧ − :
Λ∗
C
T∗R2 → Λ∗+1
C
T∗R2 denote the exterior multipliation operator on Λ∗
C
T∗R2, and
let θ ∨ − : be its adjoint with respet to the obvious hermitian salar produt on
Λ∗
C
T∗R2 = C4.
Then the formula
b(θ)(x) = θ∧ x+ θ∨ x,θ ∈ T∗R2, x ∈ Λ∗CT∗R2
then denes a real-linear map
R4 → EndΛ∗CT∗R2.
It passes to an unbounded, formally self-adjoint multiplier of the C∗-alge-brai om-
pletion C
0
(R4 ⊗M
4
)S of C∞

(R4)⊗M
4
. This means that funtional alulus
C
0
(R)→ C
0
(R4)⊗M
4
, f 7→ f(b)
is well-dened. It is standard that b(θ)2 = ||b||2id whih implies that funtional al-
ulus restrits to a map
C∞

(R)→ C∞

R4 ⊗M
4
.
Endow furthermore the algebra M
4
= EndΛ∗
C
T∗R2 with a Z
2
-grading by delaring
those endomorphisms whih preserve Λev and Λodd to be even, those whih inter-
hange them to be odd. Then the map C∞

R → C∞

R4 ⊗M
4
dened above is Z
2
-
as well as T-equivariant (i. e. it is graded and the image is T-invariant) and thus
denes a homomorphism
⋊T ⊗̂ S⋊Z
2
∼= A ⊗̂ S⋊Z
2
⋊T → A ⊗̂ C∞

R4 ⊗M
4
⋊Z
2
⋊T
and therefore, via the invertible in HA(A⋊T ⊗̂ S⋊Z
2
,A⋊T) an element
β ′ ∈ HA(A⋊T ,A ⊗̂ C∞

R4 ⊗M
4
⋊Z
2
⋊T).
Furthermore, A ⊗̂ C∞

R4 ⊗M
4
⋊Z
2
⋊T is isomorphi to A ⊗̂ C∞

R4⋊Z
2
⊗M
4
⋊T whih
in turn is Morita-equivalent to (A ⊗̂ C∞

R4⋊T)⊕2.
By denition, the omposition of α ′ with this isomorphism, the Morita equivalene
isomorphism, and the projetion onto the rst fator (the proof will make lear that,
analogous to the ase appearing in the previous proposition, there is a anonial way
to hoose the projetion) gives the dual-Dira element.
β ∈ HA(A⋊T ,A ⊗̂ C∞

R4⋊T).
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Remark 70. At rst sight it might appear that this dual Dira element belongs to a
weaker statement then Bott periodiity in that it seems to yield only a Z
4
instead of a
Z
2
-periodiity, sine α as suh is not dened in HA(A⋊T ,A ⊗̂ C∞

R2⋊T). It is, however,
easy to derive starting from α a yle in the latter group by the following onsideration:
There is an isomorphism R4 ∼= C2 suh that T ats on the rst fator omplex-linearly, and
trivially on the seond.
Thus, A ⊗̂ C∞

R4⋊T is isomorphi to (A ⊗̂ C∞

C⋊T) ⊗̂ C∞

C. Now observe that for any
omplete bornologial algebra B there is the suspension extension
0→ S ⊗̂B→ C ⊗̂B→ B→ 0
whih yields an invertible in HA
1
(S ⊗̂B,B) beause C ⊗̂B is ontratible, and thus an
invertible in HA
0
(C∞

R2 ⊗̂ B,B), whih therefore redues α to a yle in HA
0
(A⋊T ,A ⊗̂
C∞

R2⋊T).
Proof. (of the statements made during the denition.)
Let us show that the map S→ C∞

R4 ⊗M
4
is Z
2
-equivariant.
We may assume that ||θ|| = 1. If f is even, then, sine there is only a +1 and a −1-
eigenspae, f(b(θ)) = f(1)id, whih is an even operator. Observe that b(θ) must have the
form
(
0 U∗
U 0
)
for a unitary isomorphism U : H+ → H−. If f is odd, then f maps the +1-
eigenspae {(ξ,Uξ)/ξ ∈ H+} to f(1) times itself, and the −1-eigenspae {(ξ,−Uξ)/ξ ∈ H+}
to −f(1) times itself, from whih it follows that in fat H+ = (ξ, 0) is mapped to H− and
vie versa.
Let us now show that the map S → C∞

R4 ⊗M
4
is T -equivariant, i. e. that the image is
invariant. The universal property of the Cliord algebra means that to any map V → W
of Eulidean spaes there is an indued algebra map Cliff V → CliffW suh that
V //

Cliff V

W // CliffW
ommutes. Applied to the representation maps R4 → R4 for an element of T , this yields
b(t−1x) = t.b(x), sine b : R4 = T∗R2 → EndΛ∗
C
T∗R2 = Cliff R4 is exatly the inlusion
R4 →֒ Cliff R4. So b ∈ C(R4) is T -invariant, and so is any operator obtained from it by
funtional alulus.
Now let us show that there is a T -equivariant Morita-equivalene between Cliff V and C.
Sine the ation of t is omplex-linear, it preserves a Spinc-struture on R4, whih implies
that Cliff V ∼= EndSpin, V being the trivia vetor bundle over R4 with ber R4. Now T
ats by onjugation on End Spin, and so it does it at on Spin⊕ the trivial one-dimensional
bundle with trivial ation. The smooth setions with ompat supports of this diret sum
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provide therefore an imprimitivity bimodule.
The dual-Dira-element is thus dened.
A.4.2 The denition of α
In order to dene the Dira-element, onsider the t ∈ [0, 1]-dependent ation of x ∈ R2 on
itself, given by x.y = tx+ y,y ∈ R2. The algebra C∞

R4 ⊗ C∞[0, 1], where now C∞[0, 1] is
the algebra of all funtions all of whose derivatives exept possibly the zeroeth vanish at
both endpoints.
Let SRn denote the Shwartz-algebra of rapidly-dereasing funtions Rn.
The vetor spae SR2 ⊗̂ C∞[0, 1] ⊗̂SR2 an be endowed with a rossed produt, yielding
a omplete bornologial algebra
D = SR
2 ⊗̂ C∞[0, 1] ⋊R2
where now ⋊ denotes a slightly larger rossed produt than the algebrai C∞

one.
In other words, onsider the smooth onvolution algebra of the groupoid (R2 × R) ⋊ R2,
where now t runs over the real line, enlarge it to have SR5 as underlying vetor spae,
take the subalgebra of funtions f whih satisfy ∂
n
∂tn f = 0 on the set R
2× {0, 1}×R2 (a sub-
algebra whih is isomorphi to SR5 itself using a suitable dieomorphism of R) and take
the quotient with respet to the ideal of all funtions whih vanish on R2× [0, 1]×R2 ⊂ R5.
Lemma 71. There is an extension
0→ K∞ ⊗̂S(0, 1]→ D→ SR4 → 0
where the kernel is the algebra of smooth ompat operators (those ompat opera-
tors whose sequene of harateristi values is rapidly dereasing) tensored with the
algebra of rapidly dereasing funtions on (0, 1].
Proof. We dene the extension by the ideal of funtions inside D whih vanish on R2 ×
{0}×R2. This ideal is the algebra of setions of an algebra bundle of Shwartz-onvolution
algebras on the groupoid R2 ⋊t R
2
with the ation over the parameter t. Over t = 1,
we obtain SR2 ⋊ R2 ∼= K∞ by the standard matrix multipliation or integral kernel
representation on the Hilbert spae L2R2. However, eah single ber is isomorphi to the
ber over t = 1 by resaling. In fat, it is the algebra of smooth ompat operators on the
Hilbert spae L2R2 with the measure dµ ′ = t2dµ instead of the Lebesgue measure dµ. But
all these Hilbert spaes are unitarily equivalent. Denote for further use the (0, 1]-family of
ber resaling isomorphisms by κt.
The quotient is SR2 ⊗̂SR2, now even as an algebra beause for t = 0 the ation is trivial,
where the seond SR2 has onvolution produt. This is, however, isomorphi to SR4
with pointwise produt by Fourier transformation.
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We now want to endow all algebras with torus ations.
The notion of smooth ation of Lie group on a groupoid is dened in the natural way.
The group of automorphisms of the groupoid G is dened to be the group of all natural
isomorphisms G → G whih are smooth maps on the morphism and objet manifolds. A
representation of a ompat Lie group is a smooth group homomorphism into the auto-
morphism group.
The groupoid (R2 × R)⋊ R is endowed with a T -ation by setting
γ(x, t) = (γx, t)
on the objet spae R2 × R and
γ(x, t,y) = (γx, t,γy)
on the morphism spae R2 × R × R2. After heking that this denes in fat a ation on
the groupoid in the above sense, one an immediately endow all of the above algebras with
a T -ation.
We thus may onsider the indution algebra A ⊗̂D⋊T for any omplete bornologial T -
algebra A. A ⊗̂D⋊T is an extension beause D is nulear, being itself an extension of two
nulear algebras. There is a Morita equivalene A ⊗̂K∞⋊T ≡ A⋊T given by the smooth
groupoid (R2 ⋊R2)
∐
pt (disjoint union with a point).
Denition 72 (The Dira element, deformation version). There is an element, alled the
Dira element
α ∈ HA(A ⊗̂ C∞

R4⋊T ,A⋊T)
given by the omposition of the following elements.
1. The inlusion A ⊗̂ C∞

R4 ⊂ A ⊗̂SR4
2. The inverse of the elements
A ⊗̂ p⋊T ∈ HA(A ⊗̂D⋊T ,A ⊗̂SR4⋊T)
whih is invertible sine the ideal is ontratible.
3. The element
A ⊗̂ ev
1
⋊T ∈ HA(A ⊗̂D⋊T ,A ⊗̂K∞⋊T)
4. The (invertible) Morita element ∈ HA(A ⊗̂K∞⋊T ,A⋊T).
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The ontents of this setion are very lose to Higson and Roe's leture notes ([30℄).
Theorem 73. β⊗ α = 1 ∈ HA(A⋊T ,A⋊T)
Proof. For a C∗-algebra B, dene AB to be Cb(0, 1]⊗B (C∗-algebrai tensor produt, here
being unique), the algebra of bounded funtions from (0, 1] to B, and CB to be the ideal
C
0
(0, 1] ⊗ B, i. e. the one over B.
Consider the C∗-ompletion
0→ CK→ C
0
(R2 × [0, 1]) ⋊R2 → C
0
(R4)→ 0
of the extension introdued above, and hoose a linear and ontinuous setion σ whih
restrits to a linear bounded setion of the smooth extension.
Dene a linear asymptoti morphism αt : C0(R
4) → K by the formula αt = κt ◦ evt ◦ σ,
where
κt : C0(R
2)⋊t R
2 → C
0
(R2)⋊R2 ∼= K
is the (C∗-ompletion of) the resaling isomorphism introdued above, and evt is, of ourse,
evaluation at t ∈ (0, 1]
C
0
(R2 × [0, 1]) ⋊R2 → C
0
(R2)⋊t R
2
to the rossed produt involving the t-ation. The denition does not depend on the hoie
of the setion.
As does any asymptoti morphism, αt denes a ∗-homomorphism C0(R4) → AK/CK by
omposing the linear αt, viewed as a linear map C0(R
4) → AK, with the quotient map.
Consider also the omplete bornologial tensor produt A⊗̂B resp. C⊗̂B of the C∗-algebras
A resp. C, endowed with the preompat bornology, with some omplete bornologial
algebra B. Identify K ⊗M
4
with the ompat operators on L2(R2,Λ∗
C
T∗R2), the graded
Hilbert spae of L2-setions of the onstant hermitian bundle with ber C4 = Λ∗
C
T∗R2 over
R2.
Dene a family of ellipti order one dierential operators on this bundle by setting
Dt = dt + d
∗
t , t ∈ (0, 1]
where dtω = η ∧ ω + tdω, η the dierential of the funtion
1
2
||x||2 on R2. Now Higson
shows that
(αt) ◦ β : C0(R)→ C0(R4)⊗M4 → AK/CK⊗M4
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lifts to the ∗-homomorphism C
0
(R) → AK ⊗M
4
= A(K ⊗M
4
) dened by funtional
alulus f 7→ f(Dt). In other words,
AK

C
0
(R)
f 7→f(Dt)
99ssssssssss
α◦β
// AK/CK
ommutes.
Fix a dieomorphism from (0, 1] to (−∞, 0].
Dene furthermore a smooth version ofA for a omplete bornologial algebra B as C∞b(0, 1]⊗̂
B, where C∞b(0, 1] is the algebra of smooth and bounded funtions on (0, 1], whose lim
sup of the derivatives grow at most polynomially under the dieomorphism. Denote that
algebra by A. Analogously, a smooth one ideal CB is dened by funtions all whose
derivatives vanish at 0. This is in fat an ideal sine under the dieomorphism this algebra
obeys exatly the Shwartz deay ondition. (Previously, C denoted a slightly dierent
version of the one.)
Now dene a smooth version of the above diagram as follows.
AK∞

S
f 7→f(Dt)
33gggggggggggggggggggggggggggggg
β
// C∞

R4 ⊗M
4 αt
// AK∞/CK∞ ⊗M
4
Let us rst see how the maps are dened and then why it ommutes.
β is the map already dened. In order to make the asymptoti morphism (αt) desend on
a map as indiated, reall that there is hosen a smooth linear lift of
S(R
2 × [0, 1]) ⋊R2 → SR4
(whih exists beause the left hand side algebra is just S(R4×[0, 1]). Then the omposition
C∞

R4 →֒ SR4 with this lift, evt and κt gives the desired linear map C∞

R4 → AK∞.
For the denition of funtional alulus f 7→ f(Dt), observe that Dt has disrete spetrum
of nite multipliities.
In other words, we have established the existene of the last diagram. Regarding its
ommutativity, there is a map from it to the C∗-diagram, whih shows that it ommutes
up to the kernel (AK∞ ∩ CK)/CK∞ of this map. Here, the intersetion is taken in the
C∗-algebra AK.
We now laim that it ommutes in fat stritly, not just up to that subalgebra. So we want
to show that
αt ◦ β(f) = π(f(Dt)).
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where π is the obvious projetion. More preisely, we demand the formula αt◦β(f) ∼= f(Dt)
to hold in C∞b(0, 1] ⊗̂K∞ modulo the ideal C ⊗̂K∞.
We reall that we annot demand the equality stritly sine αt is only dened up to the
ideal C ⊗̂K∞ by π ◦ κ ◦ ζ.
In other words, we have to prove that κ−1t (f(Dt)) an be ompleted to a setion ζ in
ev
0
: D⊗M
4
→ S(R4) ⊗M
4
of (the Fourier transform in two variables of) β(f) = f(b) ∈
S(R4)⊗M
4
, more preisely that there exists an element Et ∈ D with the properties
E
0
= f(b)
and
κt(Et) = f(Dt)
for t ∈ (0, 1].
We shall exhibit suh a family Et in D in the ase of half dimensions, i. e. where f(b) ∈
S(R2) ⊗M
2
et., hek the announed properties and then indiate whih hanges are
neessary for the higher dimensional ases.
It is lear, however, that the entral issue, namely that there is the kernel
(C
0
(0, 1] ⊗K ∩ C∞
b
(0, 1] ⊗̂K∞)/C ⊗̂K∞
of the map from the smooth diagram to the C∗-algebrai one, already arises in the low-
dimensional ase.
So dene a family Et of operators on the real line by the smooth expression
EΨ−1(t) = f
(
0 m+ t(x−m) + d
m + t(x−m) − d 0
)
Ψ being a suitable dieomorphism of [0, 1] that assures that the derivatives vanish, d being
d/dx, x and m being the oordinates onstituting the rossed produt. x belongs to the
rst, m to the seond R. Now under the standard dieomorphism from R× [0, 1]×R to the
tangent groupoid TR of R, restrited to t ∈ [0, 1], EΨ−1(t) is transformed to f
(
0 x−td
x+td 0
)
for t 6= 0 and f ( 0 m+dm−d 0 ) for t = 0. Now standard theorems from partial dierential
equations theory say that all f(Et) are represented by smooth kernel funtions in S(R)⋊tR.
In double dimensions just replae
(
0 x−td
x+td 0
)
et. by Dt = dt+d
∗
t. This shows that the
diagram ommutes stritly.
Consider furthermore the ommutative diagram
S(R4)
=

S(R2 × [0, 1]) ⋊R2
κ

oo ev1 // K∞
=

S(R4)
α // AK∞/CK∞ AK∞oo // K∞
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whih shows that the deformation of the ompats denes the same map α, viewed as a
morphism in HA, as the asymptoti morphism.
Altogether, the seond last diagram ommutes, too. Now look at the omposition
S→ C∞

R4 ⊗M
4
→֒ SR4 ⊗M
4
=
S(R
2 × [0, 1]) ⋊R2/K∞(0, 1] ⊗M
4
∼=←− S(R2 × [0, 1]) ⋊R2 ev1−−→ K∞ ⊗M
4
whih denes α ◦ β (after taking (A ⊗̂−)⋊Z
2
⋊T). We have proved that the omposition
equals f 7→ f(D
1
). But D
1
is a surjetive operator with 1-dimensional kernel spanned by
the 0-form exp (−1
2
||x||2). So f 7→ f(D
1
) is smoothly and Z
2
-equivariantly homotopi to
f 7→ f(0)p
KerD
1
(by making f's support smaller and smaller, using that the spetrum is
disrete, in other words using the formula f(tD
1
)). So the diagram
S⋊Z
2
ev
0
⋊Z
2 &&MM
MM
MM
MM
MM
M
// C∞

R4 ⊗M
4
// K∞ ⊗M
4
⋊Z
2
C⋊Z
2
(z7→p
KerD
1
)⋊Z
2
66mmmmmmmmmmmmm
ommutes up to smooth homotopy, and after omparing with the projetion onto one
summand produed by M
4
⋊Z
2
, we obtain the ommutativity of the following diagram.
A ⊗̂ S⋊Z
2
⋊T
((QQ
QQQ
QQQ
QQQ
QQ
α◦β // (A⋊T)⊕2 // A⋊T
A⊗ C⋊Z
2
⋊T
88ppppppppppp
whih implies that α ◦ β is an HA-equivalene, whih is the laim.
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